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1) Meromorphic connections

Def : A mezaraphic connection (E ,P) is the

data of
· E-X a halonaphic Veder bund.

· V : E -Exhi(D) a

I
shee of shof maphisen satisfying the
halaraphic Leibnitz rautesactions of E



Let us try to better understand the def:

· E-X hal vector bundle

Illi trividismg open corer s .

t. Elvielix V

and the traunction functions {sijk ore holome.

· E is the sheef of sections .

E(U) = & Y : -Ux section of ES

· ri(D) = Ax&(D) is the "sheef
of differential focus on X with coefficients

meroraphic functions on X with peles

prescribed by D"

· Leibnitz roule
. E(U) is am Ox(K) - module

and it holds that

* (84) = df . Y + f . Vy

For all the talk : X-P, skE =2

Example (Connection on the trivial bundla
Let E := K"XIP' and (0 ,E) a

connection.



Fact : There exist a unique true only
because Etel(t(1)) sit . is the trivial

V = d + R
bundle

Since E is trivel
,
we have globel

sections and

-Y = dY + hY = (d) + (wwI
with wijer'(D) = ra0(D)

Et : Connections on
the trivia bundle

ore system of Odes (di +ry = 0)

Example (Euler system : D = [0] + (3)

EE EXP' trivie bundle and

V = d + h = d + (i)
i
.

e
. We : = Jed

,

wazd
,
ww

Since D = [0] + [0] we expect v

to have a simple pole in o and

ore of a P



We see the pole in o
,
to see the

one ofi we have to cange variable

or P1x + E

&md + (0)d-
What if E-P' is not trivial ??

E is still locally trivie on Ello , loY cover of ph

Eluo =
2

xPle Eluo
a

↑ I1

Sos

In particular Yuo = daro ,
Yun = da Ra

will gluing roule

ho = for hi goo + God agos

Exemple If FO(kz)00(k2) them

800 = (n)
Parallel sections :



A local section Ye E(U) is X-pesellel if

Vi = 0 = dY + RuY

Thur : For each I triviaising (V ,E),
-

there exist a baris of -parallel
sections

Exemple : for or Euler system a

basis of perelit sections in No is

(2) (a)lag(a)
Y(x) = x : = e

Monadauy : we corridon a singularity
so and we loak what happens

E = Es
im a Neighborhood U.

Y(r()) Y(r())
M
& a U

· = ((0) = w(r) · UlONo
-2

Exemple : for the singularity so = o in
the Eulen system we hove the



(i)lagczes
solution matrice Y(x) =e

let us consider a close to zers and

the path (H) = xexitt
,
U() = r(1) = t

(2) lag(2)
But Y(5(0) = e

(s) log (x ezin)
U(r() = e =

=
eli) (lags + zin)

-

= e(s) y(ra)

② Poinleve I connections and
the non-compact modeli

space

In order to define a moduli space,

we need a suitable equivalence relation-

Def : Two connections (0 .
E)~ (DIE) ore

I said equivalent if there exists
collec
Gange HeAut(E) (holeraphic bundle
equivalence autoraphisen)



sending X-horizontal section into

V'-horizontal sections
.

i. e. if VY = 0 , then VICY)=

Fact
: a straightforward calculation in
-

coordinates shows that in each

open trivialising set it halds that

= H"rH + H dH

Fact
: Equivalent connections have-

conjugated mansdrauf

Gal i We want to study equivalent
-

I
connections for a fized

technical
reasons degree of e (ee O(kIdd(k1),
rising from
the Rienan degE = 41 + kz)

I
fixed number

Hilbert
correspondance and type of poles and

fixed residual spectrum of R



Eact under the assuptions above,
all Euler systems ore equivalent.

↳ theyore "rigial"

Ext : If degD : 3
,
under the essuptions

obere
,
all connections

Qe

equivalet .

uns In ander to have a positiva
dimensional moduli spoca ne have

to corriden dagDu

P= (2
+

2)
4

1 +1 + 1 + 1 + 1 + 1 +2) ↑
1+3

FIX

↓ Degree 2

#Def . A Pe connection is (V , 000()
with polar diviser D = [0] + 2[2] + [5]

we do not put here the apparent
sing [9] (see below

[



Up to equiveluce we have thatany

Pe connection can be put in such a
nocal form :

d+ (%) + (1 +(
+ (ii) + (95)udx + (d
· Kriko

, y ore residual spectral data (lised)

· H = H (t , 9 ,p) is a quantity that
allows x = q to be apparent singularity

· (t , e , p) one the free peroucters and
hence the coordinate of the moduli

Space
.

Rota · x =

g is a singulacity with
trivia monday => apparent sing

Interpretation of the peroueters

· (1. 7) is the eigenreter of the

te isol matrix CE) relative to ev.

t



· (1 . p) is the eigenreter of the

PEC matrix ↳ ) relative to en.
-a

· gepso , e , 07 is the position of the

opparent singulonity

Et
=
tot

mmm

aee n
E to

Fact : the "non-compact moduli spoce"

is a trivia line bundle QX&



where Q : = x pr - 549 = 0 .
2

,04 , 97 = 0
,03

Rila :. Q cores from the locus where the
-

coordinates t anda lives.

· the live bundle is trivial since

the coordinate p is everywhere
well delined . Equivalently ,

QXK

has p = 1 as a global section .

let us study a vertical section St= tol.

In order to do thatlet us observer

that a connection (V ,E) induce a

differential equation on
the projectivised

bundle PE
.

Recell that E =2 and Kence PE

is a P"-bundle ore i

In our case E000(2) and henca

PE = F2 the second Hirzebruch surface
.



The linear system of obes induced

byT is well defined in the projectivisation

and X(%) = 0 (= y + ay + by + c = 0

with y := by ,

the projective coordinate.

The solution of the differential equation

·
1

⑳ P
o 1. a

Where (9 1 1) e #2 is the only radia



singularity of the faliation.

RMK : The morrag of V is the sere
-

as the monaday of the faliation

and radial singularities have no

mareday .

3) Compatification
We would live toallow t = on and

9 = 0.
1

,
4 .

To do so
,
we con use a simile

approach to the Deligure -
Numford

compactification of the spaces Man via

stable arrue.

looking at the action ofany feAnt(P)
on
the connection

,
we see that we

can think of te TIP!

Hence we went to study stable

aves for this model



1

⑧ Pe Tip P

A

· q
----

E g⑨ un) &

t
- ↳

·
·

O

Following the Deligue-Mumford idea,

We car consider the meduli spoce of

setianel worked curves in "pessing through

three given points A
,
B

,
C in general

position and having in , for instance,

A a prescribed torgent direction I

S .

t
.

I is not parallel to the lines

AB or C.



Smooth conic 
corresponding 
to the point P

The two 
singular conics

Since it is well known that there

exist only are smooth caric passing through

forz point in genere position in Pr

having a prescribed torgent direction
of one of ther

,

the moduli space

of such corics is

PISAB ,
Ac

,
Sc

, el

Indeed
,
once fixed A

,
B
,
C

,
e the

-

lines [AB ,
#C

,
SC

, ly correspond

exactly to the points that ore No

in general position we .

t
.

then
*

2 2
3P Il

e
In

⑧
C
·
P ⑧

C

· B · B

f f

·
↑

·
↑



We went to copotify this moduli

space . Roughly speaking ,

we went to

see what happens when we choose

points on SAB ,
#C

,
BC

, 24

Firststep : we car ad to C the points

lying on AB-/A ,BL
,

AC-SA ,CY
,
IDISC ,DY

,
IDEA

by considering singular cerics.

second step : we can blow-up the point A.
New we will devote byL the part on

the exceptional divisor En representing l

B c

ISi
·
L

E
A



Third step : we blow-up the points

A ,
B
,
L We dande the resulting olg . ver.

↑

and wenate for any curre its self-inter

number since we will need it later
on.

~
2

[-1]
E Ec P

[-1] [-1] .

[-1] Er

-

[-1] [-1]
[-1]

[0] E
· ·

Ps [- 2] EA

Facts Each point in (En)uSpe ,P)
-

defines a corric in P with the

properties we settled

· The cavics defined by Pr and Pr

are iscraphic
" by exchanging the

two breuches



Consequence : The compact modeli

space we went is given by
-

the contraction of EA in -

We want to come
bock to aur original

problemi

-

Fact 2 Be (0 ,1) , 10 ,0)
,
(0 , a)

P'xIP : = Pxπ

Qu
B

B8

/Ao -
As

Qo Bio

Consequence The compact modali space

& we went is given by
-

the contraction of Ao in #XP

Recell: The non compact moduli spoce



is a trivie line bundle arec Q.

Goal : Understand har it extends to the

comportification

Prop : The line bundle is
-

O (D)
farD = Ao + 200 +Bi-Bo

#


