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Introduction

Mathematicians gave birth to complex geometry in 19th century. It is the result of the interaction of
complex analysis, differential geometry and algebraic geometry that were very prolific fields in those
years. If we were somewhere in ancient Greek mythology, the genealogical tree would be similar to

the following:
Physics Analysis Number Theory Commutative Algebra
\ \
Diff \GLeom Cpx Analysis Alg geom
|
Riem Geom Cpx Geom
\ \
Kéhle;LGeom Cpx Alg Geom
I
Hyperkdhler Geom

The main topic of this work are complex tori. One may wonder why among all possible manifolds
one should waste time in studying just a unique class of examples. The answer to this question can
be found hidden between the lines of this thesis, but here we collect some interesting motivations.
First of all the topological concept of torus arises almost in every mathematical field mentioned in
the above diagram: the configuration space of a double pendulum is a torus, the topological torus
can be endowed with a (unique!) differential structure, on any field one can define algebraic tori,
even dimensional tori can be endowed with a complex structure (far away from being unique!), any
complex torus is Kéhler, some Kihler tori are complex projective algebraic varieties and so on.
Secondly, we focus our attention on the fact that all differential structures on a torus are diffeomor-
phic, while there is an infinite number of non isomorphic complex structures on a even dimensional
torus. This special feature allows us to realise how the notion of “isomorphism” is more rigid in the
holomorphic context than in the smooth context. The most incredible thing is to see how manifolds
that appear to be “"the same” from all other points of view may have such different behaviour when
studied through a complex lens: some tori are projective, some tori are not, some tori allow mero-
morphic functions, some do not, very few tori admit a principal polarization, a lot of them do not.
Besides being interesting in itself, it offers a pretext to introduce, to study and fully understand some
standard tools used in complex geometry such as line bundles, divisors, Kdhler forms.

The first nine sections follow the aim to introduce complex geometry through the eyes of a complex
torus. The last four sections on the other hand try to describe the many faces and behaviours that dif-
ferent complex structures on a torus may assume. We will in particular distinguish between projective
tori (which are called abelian varieties) and non projective ones, observing that the large majority of
tori falls in this second class. Finally, we will study what happens when we consider polarized tori,
i.e. abelian varieties endowed with an integer Kéhler form and we will find the moduli space of prin-
cipally polarized abelian varieties.

In the last section we deal with a new and original problem: we study Hyperkdhler structures on



complex marked tori, trying to build an explicit moduli space. We will prove (for now only in com-
plex dimension 2) that the extremal volumes (11°2) of the homology classes of an Hyperkédhler 2-tours
with respect to three complex structures allow us to reconstruct locally the starting torus, giving an
immersion of the moduli space of Hyperkihler structures on a marked 2-torus in R'®. Further de-
veloping of this theory may be to study if the immersion is also an embedding and if we can endow
the moduli space, that is real 12-dimensional, with some analytic, K&hler or Hyperkéhler structures.
Clearly once achieved something in the 2-dimensional case one may wonder if it holds for higher
dimensions.
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1 Basic Definitions and Results

Definition. Let V be a vector space of complex dimension ¢ and I' € V a lattice (i.e. an abelian
discrete subgroup of rank 2g). We define a complex torus as X = V /T where the action is given by
the translation by elements y € I.

We denoteby ri: V — X the universal covering map. We would like to give X a complex structure:
let O C V be an open set such that forall y € T'\ {0}

Q+y)nQ=0.

Since 111(X) = Deck(n) = {f: V — V s.t. mo f = m} = I'is the set of the translations by elements of T,
Q is a fundamental open set for the covering. This implies that 7| is a homeomorphism and we can
give X a complex structure such that 7|q is a biholomorphism. Let us build an atlas as follows: let Ay,
Aj be open sets in X and let us denote by ¢; the biholomorphism (7'(‘1)| a;: Ai — Bj, where B; C V is
one of the fundamental open sets in 11"1(A;). If the intersection is non empty, we set Ajp = A1 N A.
The change of coordinates is given by @1 0 @, := p12: m71(A12) = 71 (A12) and hence pp 0t = 71,
so we have that @1, restricted to each connected component of 1"1(A1), is a translation for some
element in I' and thus a biholomorphism, as desired.
In order to study function on holomorphic tori we need the following definition.

Definition. A function f: U € X — Cis holomorphic (meromorphic) if and only if f o7t: V — Cis
holomorphic (meromorphic).

Thus global holomorphic maps on a complex torus are the holomorphic maps on V that are I-
periodic, hence constant for Liouville theorem. Notice that it is consistent with the general fact 0(X) =
C for all connected compact complex manifolds.

Now we focus our attention on holomorphic maps between tori. Next proposition will be very useful
because it gives a very concrete description of these maps. There are two distinguished types of
holomorphic maps between complex tori: homomorphisms and translation.

Definition. Let X = V/T and X’ = V’/I” be complex tori of dimension g and g’. A homomorphism
from X to X’ is a holomorphic map f: X — X', compatible with the group structures.

Definition. The translation by an element x( € X is the holomorphic map 7y,: x = x + xo
Proposition 1.1. Let h: X — X’ be a holomorphic map.

(1) There is a unique homomorphism f: X — X’ such that h = Ty o f.

(2) There is a unique C-linear map F: V. — V' with F(I') C I inducing the homomorphism f.

Proof. Define f = 1_j()h and consider the composed map f o7t: V. — X’. We can lift it to a holomor-
phicmap F: V — V’

v Lty v

fk‘ lﬂr
X’



such that F(0) = 0. Since the diagram commutes, F(v + y) — F(v) € I”. Thus the continous map
v — F(v + y) — F(v) is constant and F(v + y) = F(v) + F(y). This implies the derivatives of F are
periodic and hence constant by Liouville theorem. This implies that F is linear. The uniqueness
follows by covering theory. ]

Corollary 1.2. Group operations on a complex torus are holomorphic, hence every complex torus is a complex
Lie group.

Remark. The map n: V — X is the standard exponential map in Lie groups theory, exp: g — G.

Definition. The additive group of the homomorphisms between two complex tori X and X’ is de-
noted by Hom(X, X’).

Remark. We have two important faithful representations of the homomorphism group:

¢ The analytic representation:

pa: Hom(X,X") = Homc(V,V’).

¢ The rational representation

pr: Hom(X, X') — Homz(T,T") = Z*3¢",

Corollary 1.3. Hom(X, X’) = Z™ for some m < 4gg’.

In Hom(X, X’) there are special maps called isogenies. We will use them to talk about the dual
complex torus and the abelian varieties.

Definition. An isogeny from a complex torus X to a complex torus X is a surjective homomorphism
f: X — X’ with finite kernel. Its degree is the cardinality of ker f.

Remark. A homomorphism X — X’ is an isogeny if and only if it is surjective and dimX = dimX’.

Let X = V/T be a complex torus and let I” a lattice of V such that I’ C I'. The projection X’ — X
is an isogeny. It is clearly surjective and of finite kernel: indeed v + I” - T'if and only if v € '\ I”
which corresponds to a finite number of point in X. Conversely, all isogenies are of this type.

Proposition 1.4. To be isogenic is an equivalence relation.

Proof. The only non obvious assertion to prove is that this relation is symmetric. If f: — V’/I” isan
isogeny, hence F(I') C I" is a finite index subgroup. It follows that there exists a natural number n
such that nI” C F(T'), therefore nF~! induces an isogeny in the opposite direction. O



2 Elliptic Curves

Before studying complex tori in several dimension, let us consider the case g = 1. It will turn out to
be slightly different from all other cases and in section 12.2 the main difference is pointed out.

Definition. A complex torus of complex dimension 1 is said elliptic curve.

In this section we will find a moduli space that parametrizes complex structures over elliptic
curves and we will prove that every elliptic curve is biholomorphic to a smooth cubic in CP2. More-
over we start introducing theta functions and divisors in this simpler case.

Definition. Two lattices I' and I are said equivalent if and only if C/I" = C/I"”

We will use matrices in GL(2,R) to represent lattices. In fact, given a invertible matrix M, we
associate to it the lattice generated by its columns. We want to find conditions that makes two lattices
equivalent: first of all we have that, if we fix a lattice, its bases are parametrized by GL(2, Z). Therefore
all possible lattices up to basis are parameterised by GL(2,R)/GL(2,Z).

Proposition 2.1. Two different lattices I'1, I'» C C are equivalent if and only if exists a complex number a € C*
such that al'y = T.

Proof. Clearly, if al'y = I';, the tori X; and X, are isomorphic because the multiplication mapa: C — C
descends to an isomorphism. On the other hand if f: X; — X5 is an isomorphism (in particular a
group morphism) it is represented by a function F: C — C, z + az such that al'y = I'. m|

Hence the moduli space of complex structures on a torus of complex dimension 1 is:
GL(1,C)\GL(2,R)/GL(2,Z).

A geometric interpretation of this fact arises from an explicit description of the basis of the lattice.
LetI' = (11, 12)z be a lattice: we want to build all equivalent lattices acting on 71 and 7, via GL(1, C)
and GL(2,Z). Let us suppose |11| < |12|, there exists a € C* such that (at1,a12) = (1,7) and up
to a change of sign of 7 (that obviously does not change the lattice and that is represented by a
matrix in GL(2,Z)) we can suppose Im(7) > 0 and hence 7 € H, the upper half plane. Moreover, by
construction, we have || > 1. Up to now we acted by GL(1,C) and by a change of sign in GL(2, Z),
so we just have to act via SL(2, Z). We can rephrase the action of SL(2,Z) on the lattice as an action of
SL(2,Z) on H as shown in this diagram, where A € SL(2, Z) is the matrix i Z .

T —> <1,T>

Al lA
at+b

v= g —> (ct+d,at +b)

Under this action the moduli space of elliptic curve is
SLy(Z)\H={t€eH | |t| =1and |Ret| < 1/2}.

For a complete and exhaustive proof we refer to (I'1ai), Proposition 1.18.



2.1 Meromorphic functions

Now we focus our attention on meromorphic functions on a elliptic curve parametrized by (1,7). We
will see that in higher dimension meromorphic functions on complex tori may have a very different
behaviours depending on the complex structure (i.e. depending on the lattice).

Definition. A theta function is defined as 9(z) = } fu(z), where f,(z) = emi("’T2n2) for gl z € C.

The definition is well posed because the series converges uniformly on every compact set in C due
to the Weierstrass M-test. Since f,, are holomorphic, 6 is holomorphic.

Proposition 2.2. The following equalities holds
* O(z+1)=06(z).
o O(z + 1) = e"M+22)Q(z),
* 0(5+ %) = 0 and the zero is simple.
Definition. A translated theta function is 6%(z) := 0(z — 5 — % - X)

A translated theta function has simple zeros in z € {x +I'}.
We can now define a family of meromorphic functions:

R(z) = L= 7).
[T, 0¥(2)
Form the proposition one can check that:
* R(z+1)=R(2).
o R(z +7) = (=1)m+ne-2milln-mz+ L =S xR (5)

Hence R is double periodic if and only if m = n and }}y; — ) x; € Z. If these conditions are satisfied
R descends to a meromorphic function on X.

Before going on, let us recall some important theorems about holomorphic and meromorphic
functions on Riemann surfaces.

Proposition 2.3. Let f: M — N be a holomorphic map between Riemann surfaces.

o If M is compact, then f is proper and so it is a branched covering map. Furthermore, f is surjective, so
N is also compact.

* If N is compact and f is proper, then M is also compact.
Proof. It is an easy consequence of the open mapping theorem. m]

Proposition 2.4. Any meromorphic function f: M — C has an unique extension to a holomorphic map
f: M — CPL

As a consequence of this two results we can prove the following.

Theorem 2.5. Let M be a compact Riemann surface (we are interested in the case in wich M is a elliptic curve)
and f a meromorphic function on M with only one pole, then M is biholomorphic to CP".

10



Proof. From 2.4 we know that f: M — CP! is a holomorphic map and from 2.3 it is a covering map
of degree 1, hence a biholomorphism since CP! is simply connected. O

We can now prove the following fundamental result about classification of meromorphic functions
on elliptic curves.

Proposition 2.6. Let p; and q; points on X and let x; € 7= (p;) and y; € n~1(q;). Does exist a meromorphic
function on X with zeros in p; and poles in q; if and only if 3, x; — Y, y; € ' (i.e. 2 pi— 2 9i =0 € X).

Proof. LetT = (1, 7) and assume }; x; — >, y; = n + mt. We can substitute x; with x; — n7 and nothing
changes because 7(x1) = (x; —nt) = p1. Now X, x; — 2 y; = n + mt € Z and the assertion is proved.
Conversely, assume there exists a meromorphic function on C/T" with the given zeroes and poles.
Lifting it to C, we obtain a double periodic function f with zeroes in x; + I" and poles in y; + I'. By
contradiction, assume that » x; — > y; = w ¢ I. Choose xg and yo such that xg — yo = w. Now
X0+ 2, xi —yo— 2, ¥i = 0 € Z and hence it descends to a rational theta function g. The quotient map
g/ f is doubly periodic and descends to a meromorphic function on C/T" with a single zero in m(x)
and a single pole in 7(yo), but this generates a biholomorphism between the elliptic curve and CP1
that is a contradiction. O

2.2 Divisors

The study of divisors is very related to meromorphic functions on a complex manifold: let us in-
troduce this fundamental tool in the case of elliptic curves. This will be fundamental for enhancing
Riemann-Roch theorem and prove that every elliptic curve is biholomorphic to a smooth cubic in
CP?, a very strong result since we will see that in higher dimensions the general complex torus is not
projective.

Definition. A (Weil) divisor is a function D: M — Z with discrete support: i.e. D = ) n;p; — 3. m;qj,
with n;, m; > 0 and n;, m; # 0 for finitely many indices.

This relates with the study of meromorphic functions because we can define this sequence
, d
M — s DipM) ——E 7
f ———— div(f)

D Sni—Xm;

in which div is the function that associates to every meromorphic function the formal sum of zeroes
and poles counted with their multiplicity and deg associates to every divisor the explicit sum of the
coefficients. From the theory of meromorphic functions we can notice that the composition is null,
ie. deg(div(f)) =0.

Definition. A principal divisor is D = div(f) for some f € M".
Let us denote with Div"(M) the kernel of deg. We have that

{principal divisors} € Div’(M) € Div(M)

11



Definition. The Picard group of M is

Div(M)

Pic(M) =
ie(M) {principal divisors}

The definition is well posed because principal divisors (and Div’(M) as well) forms a normal
subgroup with the operations

o div(fg) = div(f) + div(g)
e div(1/f) = —div(f).

If we denote with Pic?(M) the kernel of the quotient degree map deg: Pic(M) — Z, we can show
that

Theorem 2.7. If M is a elliptic curve, the morphism

¢: M — Pic®(M)
p = [pl-10]
is a group isomorphism, where the overline stands for the equivalent class in Pic.

Proof. See (Deb) Theorem 3.1. O

Remark. It holds that
Div%(X)

{principal divisors}

Pic%(X) =

2.3 Riemann-Roch and consequences

The Riemann-Roch theorem is a classical result in complex geometry and it encodes and put in re-
lations topological data, divisors and meromorphic functions. We enunciate two slightly different
versions: the first is very general and holds for every Riemann surface, while the second is specific
for elliptic curves.

Definition. We set Op := {f € M such thatdiv(f) + D > 0}, where ”">" means that any non null
coefficients must be positive.

This space can be endowed with the structure of vector space with respect to the usual additive
structure. Note that 0 € Op setting div(f = 0) = +oco. It can be endowed with the more general
structure of sheaf of vector spaces on M. Let us recall this general fact about 1-forms on Riemann
surfaces:

Proposition 2.8. Let a be a meromorphic (1, 0)-form on a compact Riemann surface of genus g. Then the
number of zeros minus the number of poles counted with their molteplicity is 2g — 2.

Proof. It follows from the Poincaré-Hopf theorem. m]

Theorem 2.9 (Riemann-Roch, version 1, (IP°1)). Let M be a compact Riemann surface of genus g and let
D be a divisor. It holds that

dimH°(M, Op) — dimH'(M,Op) =1+d - g.

12



Theorem 2.10 (Riemann-Roch, version 2, (BL)). Let M be a elliptic curve and let D be a divisor with
deg(D) =d > 0. It holds that
dimH(M,Op) = d

Proof. The genus of an elliptic curve is ¢ = 1, so the RHS of the equation is just d. On the LSH, thanks
to Serre duality for compact Riemann surfaces, we have that

dimH'(M, Op) = dimH"(QY) = dimH"(Q! ) = dim(Q')) =0

because —D has degree —d and for the proposition 2.8 can not exist a 1-form « such that div(a)—D > 0
since for an elliptic curve 2¢ —2 = 0. ]

The following theorem is a very deep result. It states that any complex torus of dimension 1 is
biholomorphic to an algebraic subset of CP2. It may not appear as incredible as it is, but we will see
in next sections that it does not hold in higher dimension. Since we will use it in the proof, we recall
Hurwitz’s formula.

Theorem 2.11 (Hurwitz’s formula). Let f: M — N a map between compact Riemann surfaces and let gy,
gN denote the genera. The Euler characteristic of M and N must satisfy the following relation:

2-2gm =d(2-2g8) = Y (my(f) = 1)
peM

where d is the degree of f and my(f) is the multiplicity of f in p.
Proof. See (11°1) Theorem 5.3. O

Theorem 2.12. Every holomorphic structure over an elliptic curve M is biholomorphic to a smooth cubic in
CP2.

Proof. Let p be a point of M and set D = {2p}. Riemann-Roch theorem imples that dim(Op) = 2,s0
there must exist at least one meromorphic function in &p. If it had a simple pole in p, M would be
CP!, so the pole must be double and the function would provide a 2:1 branched covering over CP.
Hurwitz formula implies that there exist 4 branch points in CP!, one of which is co. Let p; denote the
other three branch points in C. Let us consider the algebraic curve w = (z — p1)(z — p2)(z — p3) that
defines a smooth cubic in CP? and a projection map [z, w, u] — [z, u] € CPL. Let us now compare M
with this cubic from the viewpoint of Riemann existence theorem: both surfaces map onto CP! with
the same branch points, for both the covering degree is 2 and the monodromy exchanges the branches.
Since there is a unique monodromy action that achieves this, by Riemann existence theorem we can
conclude that M and the cubic are biholomorphic. m]

13



3 Complex vector spaces and complex manifolds

The first step of our journey through the geometry of complex tori is their topology, in particular
their (co)homology. Before starting, we recall some results about differential forms over (open sets of)
complex vector spaces. We will present just the proofs that are strictly related to the contents of next

sections.

3.1 Complex vector spaces and multilinear forms

Definition. A real vector space V of real dimension N endowed with an endomorphism I: V — V
such that I* = —id is called almost complex vector space, and I is called almost complex structure of
V.

Notice that I € GLy(V) and an almost complex structure allows us to say that (V, I) is a complex
vector space because I corresponds to the multiplication by i € C: i.e. (a + ib)v := av + bl(v), thus for
vector spaces the notions of almost complex structure and complex structure coincide. This implies
that N = 2n.

For a real vector space V, the complex vector space V ®g C is denoted by V¢ and there is a canonical
identification of V with the subset V ® 1 C V. V is the subset that is left invariant under conjugation:
VA =0 A

Definition. Let I be a complex structure on a real vector space V and let (with an abuse of notation)
I: Vo — V¢ its C-linear extension. We set the eigenspaces

VWO = fveVe:I(w)=i-v}:=V and V¥ ={veVe:I(v)=—i-v}:=V
Notice that Ve = V¥ @ V0! under the map v — 1(v - il(v)) ® 3(v + il(v)).

Remark. One should be aware of the existence of two almost complex structure. One given by I and
the other given by i. They coincide on the subspace V10, but differ by a sign on V1.

In order to study multilinear forms on a complex vector space, we focus our attention on complex
structures on the dual vector space.

Proposition 3.1. Let V be a real vector space endowed with an almost complex structure I. Then the dual
space V* := Homg(V,R) has a natural almost complex structure given by I(f)(v) = f(I(v)). The induced
decomposition on (V*)c = Homg(V, C) = (V)* is given by:

(VY = {f € Homg(V,C): f(Iv) = if(v)} = (V') = Home(V,C) := V*
(V)1 = {f € Homg(V,C): f(Iv) = —if(v)} = (Vo) = Homz(V,C) := v
In the sequel we will always regard V¢ as the complex vector space with respect to i.

Definition. A function f € Homc(V,C) is C-linear, in the sense that for any A € C, f(Av) = Af(v).
A function f € Homz(V,C) is C-antilinear, in the sense that for any A € C, f(Av) = A f ().

This construction generalizes to multilinear forms: let V' be a complex vector space of complex
dimension 7 and let r < n. We denote with A"V the complex vector space of r-multilinear alternating

14



forms over V. Its basis is {ar}; where I is a multiindex of length r, aj := a;; A---Aa; and {a1,..., an}
is a basis for V* := Homc(V, C). Therefore his complex dimension is (’:) It holds that:

AV = B arve
p+q=r

where APAV* := APV* @c A1V is generated by {a; A aj};; with |I| = p and |]| = g.
We would like to link the notion of complex structure with the notion of multilinear forms.

Definition. An almost complex structure I on V is compatible with the scalar product (-, -), if (I(v), [(w)) =

(v, w).
Definition. The fundamental form associated to (V, (-, -), I) is the form
w = w(v,w) = —(v, [(w)) = I(v), w)
Lemma 3.2. The fundamental form is real and of type (1,1), i.e. @ € A2V* N AVIV*.
Proof. The operator I satisfies
(v, I(w)) = —(w, 1(v))
hence w is an alternating 2-form, i.e. w € A2 Vé. Moreover, since
(@)@, w) = o(I(v), () = (I*(v), [(w)) = (v, w)
one finds I(w) = w, thatis w € AV1V", i
Regarding the complex structure I as the multiplication for i, we can prove the following.
Lemma 3.3. The form H = H(u,v) := w(u, iv) — iw(u, v) is a positive Hermitian form on (V, (-, -)).

Proof. First of all let us notice that H(v,v) = (v,v) — iw(v,v) = (v,v). So H(v,v) > 0 for all v # 0.
By a straightforward calculation one gets H(u, v) = H(v, u) since the form w is of type (1, 1) and real.

Finally we have to prove that H is C-linear:

H(iu,v) = w(iu, iv) — iw(iu,v) =

w(u,v) —iw(-u,iv) =
=w(u,v)+iw(u,iv) =
= i(—ia)(u, U) + a)(ul IU) =

=iH(u,v).

3.2 Differential forms on a complex vector space

Definition. Let U C V be an open set. A smooth function w: U — AP9V" is said (p, q)-differential
form over U.

15



A smooth function f: U — C is holomorphic if and only if its differential is C-linear, i.e. if
df € A0V~ i.e. Cauchy-Riemann equations hold. This allows us to generalize the Cauchy-Riemann
equations for functions of several variables and we care about this becauseif F: ACV — B C Wis
holomorphic, then his differential is C-linear and the pull-back F* preserves the type of the form. This
is very important because it proves that the type of a form is globally well-defined over a complex
manifold since the change of coordinates are holomorphic.

Definition. We will denote by Q77(ULI) the space of (p, q)-differential forms on U.

Proposition 3.4. There is a natural decomposition:
Q') = @ QPA(U)
p+q=r
Definition. Let d: Q"(U) — Q"(U) the complex linear extension of the usual exterior differential.
Then we can define two other differential operators, namely d and d that acts on QP17

d: QPI(U) — QFFI(U) and 9: QP1(U) — QPITL().
They are defined by 9 := [T"*14 od and 3 := [17/7* o d, where I177: Q" (U) — QF(U) is the projection
andr =p+q.
Proposition 3.5. For the differential operators d and o one has:
ed=0+0
e 9*=9*>=0and dd = —9d
e Leibniz rule is satisfied.

Since d and d share the usual properties of the exterior differential d and reflect the holomorphicity
of functions, it seems natural to build up a holomorphic analogue of the de Rham complex. As we
work here exclusively in the local context, only the local aspects will be discussed. Of course, locally
the de Rham complex is exact due to the standard Poincaré lemma. We will show that this still holds
true for 9 (and 9).
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Proposition 3.6 (d-Poincaré lemma). Let U be an open neighbourhood of the closure of an open ball Be C
B c U c C". Ifa € QPA(U) is d-closed and q > 0, then there exists a form p € QP4~1(B,) such that a = dp
on Be.

Proof. See ( ), proposition 1.3.8. ]

We would like to look at the interaction of differential forms and Riemannian metrics: let U ¢ C"
and ¢ a Riemannian metric on U. We say that the metric g is compatible with the almost complex
structure I on U if for any x € U the induced scalar product g, on T, U is compatible with the induced
complex structure in the sense of the previous section. Also in this case we may define a (1, 1)-
form w € QY (U) N Q*(U), defined by w(u,v) := g(I(u),v), which is called fundamental form of g.
Moreover H := ¢ — iw defines a positive Hermitian form on the complex vector space (T, U, gx).

3.3 Complex structures, differential forms and Dolbeault cohomology

In the very first section we have built complex tori as complex manifolds (i.e. we have given a torus
a holomorphic atlas). However, in order to study complex differential forms, we will need an an-
other approach to complex manifolds: we will define an almost complex structure I on a real smooth
manifold X and we will find conditions on this structure to make (X, I) a complex manifold. When
it happens we will say that the almost complex structure is integrable. This change of perspective
makes sense thanks to the following result.

Theorem 3.7 (Newlander-Nieremberg). Any integrable almost complex structure is induced by a complex
structure.

Thus, complex manifolds and differentiable manifolds endowed with an integrable almost com-
plex structure describe the same geometrical object.

Definition. An almost complex manifold X is a differentiable manifold X together with a vector
bundle endomorphism, called almost complex structure:

[: TX — TX, withI* = —id.
Here TX is the real tangent bundle of the underlying real manifold.

Remark. Given a holomorphic atlas (U,, @) on X, one can define an almost complex structure on
@a(Uy) as in section 3.1. It does not depend neither on the chart, nor on the atlas in the equivalent
class.

Proposition 3.8. Let X be an almost complex manifold. There exist a direct sum decomposition
TeX =TWX & TU X

of complex vector bundles on X, such that the C-linear extension on I acts as multiplication by i on T'°X and
as multiplication by —i on T X.
Moreover, if X is a complex manifold, then T'°X is naturally isomorphic (as a complex vector bundle) to the
holomorphic tangent bundle 7 X.

Proof. See ( ) Proposition 2.6.4. m]
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As we did on complex vector spaces, we would like to study the dual case and the space of
differential forms.

Definition. For an almost complex manifold X one defines the complex vector bundles
ALX == ANTeX) and APAX = AP(TYOX) @c AUTO X))
Proposition 3.9. There exists a natural direct sum decomposition

kx = :
AEX = @B Arix
p+q=k

Let us denote with Q%X, and QX the spaces of sections. As for complex vector space we have
the the morphisms d, 9 and 9.
We will now give four definitions of integrable complex structure, for a proof of their equivalence see
( ), prop 2.6.15 et seq.

Definition. Let (X,I) be an almost complex manifold. Then I is called integrable and (X, I) complex
manifold if one of the following equivalent conditions holds

e da = da + da forall @ € QFX.
o If @ € QX then da has no pieces of type (0, 2).

* The Lie bracket of vector fields preserve T!X, i.e. the distribution T%! X is involutive and hence
integrable.

¢ *=02=099+9d=0
We conclude this section giving the definition of Dolbeault cohomology.

Definition. Let X be endowed with an integrable almost complex structure (i.e. a complex structure).
Then the (p, q)-Dolbeault cohomology group is the vector space

Ker(d: QP1X — QPA*1X)

HPA(X) := = .
Im(d: QPAI71X — QPaX)
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4 Cohomology of complex tori

We will see that complex tori may have very different behaviours depending on their complex struc-
ture. However from the C*-point of view they are all diffeomorphic (and hence homeomorphic), thus
topological data encoded in the C*-structure, as the De Rham cohomology, will be the same for any
torus. Some informations about the holomorphic structure is encoded in the Dolbeault cohomology,
in particular in the Hodge decomposition.

4.1 Singular Cohomology and De Rham Cohomology

We will deduce the main result by two different ways, the firs one, from (BL), is more abstract and
precise. The second one, from (Deb) is more constructive and simple.

Recall that a torus X, as a real manifold, is diffeomorphic to a product of 2¢ circumferences. More
precisely, if X = V/T with ¢ = dimc(V) and {y1, ..., Y24} is a Z-basis for I', we have that

X = IR = (SH)*.
i ViZ
We want to compute Hi(X,Z), because, as we will see, all the cohomology groups of the torus can
be computed out of it. Notice that, according to the basic definition we gave, 11(X) = Deck(n) = T.
Since I' is an abelian subgroup of C$, it follows that H;(X,Z) = I by the standard fact that H1(X, Z) is

the abelianization of 771(X). Hence, according to universal coefficient theorem, we have:
HY(X,Z) = Hom(Hl(X,Z),Z) ~ Hom(T,Z).

Proposition 4.1 (Kiinneth Formula). Let X and Y be topological spaces. We have the following exact se-
quence:

0P [Hi(X,Z) ® Hy(Y, Z)] — Hi(XxY,Z) - (P Torlz(Hi(X,Z) ® Hy(Y, Z)) =o.
i+j=k i+j=k

Inour case X =Y = S! and @i+j:k ToriZ (Hi(X, Z) ® H;(Y, Z)) = 0, so the first map is an isomor-
phism. We can now compute the higher cohomology groups.

Lemma 4.2. The canonical map A"H (X, Z) — H'(X,Z) induced by the cap product is an isomorphism for
allr > 0.

Proof. It is a consequence of the compatibility of Kiinneth’s formula with the cup product. For details
see (BL) Lemma 1.3.1. O

This is really important because now we have that:
A"HY(X,Z) = A"Hom(T,Z) := Alt"(T,Z) = H' (X, Z).

Where Alt"(T', Z) denotes the group of alternating r-forms on I' with values on Z.
Thanks to universal coefficient theorem

H'(X,C)=H(X,Z)®C,
and it is a general result that

Alt"(T,Z) ® C = Alt}(V,C) = A’V
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Theorem 4.3. If X = V /T is a complex torus, its De Rham cohomology is given by the following isomorphisms
forallr >0
Hpp(X) = A"VE

Proof. Putting together all the previous result we have
Hpp(X) =H'(X,C) = H'(X,Z2)®C = Alt'(T,Z) ® C = Alty(V,C) = A"V
O

We would like to give a more explicit construction of this isomorphism: notice that if X is a
complex torus and w € Q7 (X), then 7*w € Q" (V) and it is invariant for the translation by an element
y € Iinfact, sincemo 7, =7,

(Mon)w="10omw="nw

because the pullback is a controvariant functor.
Locally a form 1 € Q7 (V) is of the form n = ¥ n;dx!, and it is T-periodic (i.e. invariant for all 7)) if
and only if )y are I'-periodic.

Lemma 4.4. Let w be a closed r-form on X and let ©(x) = x + a the translation for an element a € X. The
form T'w — w is exact.

Proof. Let X =V/Tand t(x) =x+aonV.Forall x,x1,...,x,in V we set

1
Mt %) = [ a3,
0

where we look at w as a I'-periodic r-form on V. This implies that 7, is I'-periodic too. We have to
prove that dn,(x) = w(x + a) — w(x). Since w is closed

0=dw(x+ta)(a,x1,...,x;) = (@ (x+ta)-a)(xy, ... ,xr)—Z(—l)f_l(w’(x+ta)-xj)(a,x1, cos Rjs e, xp).
=1

Moreover

dna(x)(x1,...,x,) = Z(—l)f—l(q;(x) ) (EIPTIE S
j=1

r 1
= Z:(—l)f_1 / (0'(x +ta)-xj)a,x1,...,%,...,x)dt.
j=1 0
Putting together these results the thesis follows:

1
Ana(x)(x1,...,xp) = ./0 (' (x +ta)-a)(xy,...,x,)dt = [w(x +ta)(xy,... ,x,)]}) = w(x +a) — w(x).
m]

By this lemma we will prove directly that every differential form on a complex torus is in the same
cohomology class of a constant form, that is exactly Hy,(X) = A"V{.
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Definition. Let I1 a plurirectangle with sides a basis of I For all function g: V' — C, we define is
average 3: V — Cas
sy
3(@) = M
Jady
Remark. If g is I'-periodic, § is constant.
Definition. If @ = Y wrdx! is a differential form on a torus, we define its averageas @ := ), @ rdxl.

Theorem 4.5. Every closed differential form w € QO (X) is in the same cohomology class of a constant form.

Proof.

fn[ﬁyw(z +y) = 0@ Lemmasa
Judy .

_ Jadn(dy

Sy

_ d( J n(Z)dy)

Jndy

@(z) - w(z) =

O

Hence all differential forms on a complex torus are cohomologue to a constant form. We will see
that all real closed (1,1)-forms positive definite are cohomologue to a constant form with the same
properties.

Proposition 4.6. Let X = V /T a complex torus. The morphism A"V}, — H[,.(X) is bijective.

Proof. We have already seen that it is surjective. let us prove injectivity: let (y1, ..., y2¢) be a basis for
I'. The integral of a constant form }; wj,..j,dx1 A - -+ A dx, over the image in X of the hypercube with
edges the elements yj,, ..., yj, is wj,..j,- Hence a constant form is exact (i.e. its integral is zero over all
the possible choices of yj,, ..., yj,) if and only if it is the null form. m]

4.2 Dolbeault Cohomology

It is a standard fact that holomorphic r-forms over a complex manifold can be endowed with the
structure of a sheaf. Let us denote it as Qf . We enounce the main theorem of this section. We will
not give a complete proof, but we will follow the main idea. For all details we refer to (BL), Theorem
1.4.1.

Theorem 4.7. Let X be a complex torus.

e Forallr >0,

H'(X,C) = @ H(QY).

prq=r

e For every pair (p, q) exists a natural isomorphism

HUQb) = APV @ ATV
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The main point of all the proof is that complex tori are complex Lie groups. We can therefore see
the vector space V as its Lie algebra, i.e. V = TpX and this allows us to relate constant covectors to
differential forms: an element ¢ € A"V* extends to a holomorphic r-form (w), := 72,¢. It is clear
that w,, is translation-invariant.

Definition. An invariant 7-form on X is a differential form w € Q"(X) such that, for all translation t
for an element of X, T*w = w. We denote with IF"(X) the vector space of invariant r-forms on X.

Lemma 4.8. QY is a free O,-module of rank (£)
Proof. We define a sheaf morphism
NV ®c Ox — Qgg
PO fr— fa,

that is actually an isomorphism because it is an isomorphism on the fibres since each fibre of QY is
generated by a basis of A"V". m]

Remark. Since for all ¢ € A"V* the differential form w,, is invariant, if we take ¢ = dx! we have that
we = dx' is invariant (with an obvious abuse of notation).

Remark. The following isomorphisms hold.
H'(X,C) = A’Vé = [F"(X)

Also for the invariant forms there is the canonical splitting IF"(X) = €5 IFPA(X).

p+q=r
Remark. It holds that

o IFPO(X) = APV*
o IFOA(X) = AV

and hence APV*®ATV = [FP4(X), where the isomorphism is given by p1®¢2 > wp,¢, := Wp, AW,
Putting together these results we have proved the following.

Lemma 4.9. There are natural isomorphisms

H'(X,C) = @ [FPA(X) = @ APV @ ATV .
p+q=r p+q=r

Half of the work is done: it remains to study H ‘7(0;). For a general fact about Dolbeault coho-
mology theory, there is a group isomorphism H* (Qé’() = HP(X). In the next sections we will have to
deal with Kahler forms that are real closed (1,1)-forms positive definite, hence the comprehension of
these groups will be important.

In conclusion, in order to complete the proof of the theorem, it remains to show that H?1(X) =
IFP1(X), but we will not go through this fact. If we assume the isomorphism holds, it would follow
that

H'(X,C) = @ [FPA(X) = @ HP(X) = EB H(Qh),

p+q=r p+q=r p+q=r
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and
HU(QY) = HPI(X) = [FP(X) = APV @ ATV .

This result will turn out to be very important in the study of Kédhler geometry of complex tori because
it shows that all real closed (1,1)-forms positive definite are cohomologue to a constant form with the
same properties.

Remark. The proof of the isomorphism H?/1(X) = IFP-1(X) is based to the fact that both are isomor-
phic to the group of harmonic (p, g)-forms and involves Hodge theory.
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5 Digression: Kihler Forms and The Projective Space

Before going through the geometrical description of complex tori let us recall some important facts
concerning Kahler (compact) manifolds and the projective space.

Definition. Let X be a complex manifold. A Kéhler structure on X is the choice of a closed positive
real (1,1)-form w on X. In this case we call w a Kihler form on X.

Proposition 5.1. The set of all Kihler forms on a compact complex manifold X is a convex cone in the linear
space {w € QY(X) N Q*(X) | dw = 0}.

If we denote by I the complex structure of X, we can associate to every Kahler structure a Rieman-
nian metric ¢ and a Hermitian metric H on X:

8, )=w(, 1)) and H(,):=g(,)—iw(, )= w(,I()) - iw(,).
It is clear that is sufficient to have two of I, ¢ and w to uniquely determine the remaining one.

Example 5.1 (The Fubini-Study form). Let P" = U?:l U; the standard open cover and @;: (2o, ..., z) €
U, — (&,..., i—j, ., Zz—"?) e C". A differential form w on P" is a differential form on C" \ {0} that is

Z_,"
invariant under the action of C*: if w = }, wyjdz; Adzjisa (p, q)-formon C" and t € C*, w is invariant
if forall I,]

1
wi(tz) = —wiy(2),
trE
in fact in this case

_ — _
t-w=t- Z a)[](Z)dZ[ ANdzp = Z a)U(tz) d(tz); A d(tZ)] = W Z wpdz; A dz) = .

Let us defines the following local differential forms

w; = %85108 ( i )z_ll{r
k=0

They are clearly invariant under the action of C*. We want to show that w; = w; on U; "U; that means

S Ql’l(ui).

that the collection {w;} glues to a global form, namely wrs. Indeed

log(gﬁ—lz)z) = log (E—Zr ; |z—]]( 2) = log (E—j 2) + log(iﬁ_]; 2)

12
i
Zj

and 99 log (

) = 0 since % is the j-th coordinate function on U;

ddlog|z[? = a(%é(zz)) - a(@) - a(d_—z) - 0.

zz z
We now check that wrs € QU1(P")

* wrs is a real (1,1)-form. It is obviously a (1,1)-form and we have to show w; = @;. Indeed
1&5 & Zk2 1 a§ & Zk2 1&5 & Zkz
E log ;)Z—Z __ﬁ(_ )log ;,Z—l —Z lOg ;|Z—l .
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* wrs is d-closed and holomorphic. Indeed dw; = L 825 log(...) = 0 and the same happens with 9
if we recall that 99 = —94.

* wrs is positive definite. We will not prove it.

Hence wrs is the Kéhler form associated to a metric. We want to prove the most important tool of this

/ WES =1
Pl

i.e. itis an integer Kdhler form (in the sense of the next definition). Indeed, if F: z — (1,z,0,...,0) is

Kihler form:

a parametrization of a projective line, one has

( (fi?zilzjz )

/cu _ b [ dzhdz 1 dxdy /zndG/ =1
o T Jo U 1zPR  mJe Q2+ 22w (1+r2)2

Moreover, since P! = S2, H2(P!,Z) = Z and hence [wFs] € H?(P!, Z) is a generator.

F'wrs(z) =

Hence

Definition. Let M be a projective space or a complex torus, a closed r-form w is integer if for all
closed and oriented submanifolds Z of dimension r, the integral /Z w € Z.

Remark. Working on a torus allows us to make some definitions simpler: in fact the ”correct” defini-
tion of integer closed r-form should be formulated integrating on cycles in H,(M, Z) and not just on
submanifolds. On a torus the notions coincide. Moreover we recall that on a torus, that topologically
is product of 2g circumferences, homology and cohomology groups have no torsion.

Remark. Thanks to the Stokes theorem, the notion of integrality only depends by the cohomology
class of @ in HJ, (X). Moreover we recall that, by the De Rham theorem, H,(X) = H"(M, R) and by
universal coefficient theorem and the previous remark, H"(M,R) = H"(M, Z) ® R. Therefore integer
k-forms are in the set H' (M, Z) that is precisely the dual of H,(M, Z).

Theorem 5.2. If X is a compact complex manifold that is a submanifold of a projective space, there exists on
X a closed differential (1,1)-form that is positive definite and integer.

Proof. The Fubini-Study form meets all the requirements and its restriction on X also does. m]
Theorem 5.3. Any complex torus is Kihler.

Proof. Any closed, real, positive invariant form of type (1,1) on the vector space V descends to a form
on X with the same properties. In particular the set of all Kdhler form is non empty for any complex
torus. 0

In particular any Kéhler form is in Q'!(X) N Q?(X) and they do not form a subvector space, but
only a convex cone (see ( ) Corollary 3.1.8). In terms of cohomology classes, any Kahler form on
a torus defines an element in H123 rR(X)NIF L1(X). We stress that two different Kahler form may be in
the same class, in the sense that if [w1] = [w>] it does not imply that they induce the same Kéhler
structure on X. However Kéhler forms in the same cohomology class present some similarities, such
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as integrality. Thanks to the remark below Lemma 4.9 and the previous remark all possible classes of
integer Kdhler forms on a complex torus are in the set

H2(X,Z) N HYY(X) = HX(X,Z) N IFY}(X).

Since the first set is discrete, it may happen that the intersection contains just the null form and it
means that there are not integer Kéhler forms on the complex torus X. In Theorem 9.2 we will see
a necessary and sufficient condition for X to have an integer Kadhler form. The naive idea behind
this fact is that IF'"1(X) strongly depends on the lattice ' and very few lattices admit (1, 1)-invariant
integer forms.

We wonder what happens in case g = 1, i.e. when we are working with an elliptic curve X = C/T.
In this case, for dimensional reason H?(X, C) = IF'"}(X) = C and H*(X,Z) = T, hence, for any elliptic
curve, H*(X,Z) N IFYY(X) = H*(X,Z) # {0} and it is consistent with the fact that any elliptic curve is
projective.
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6 Divisors

We would like to extend to complex tori of higher dimension the theory studied for elliptic curves.
It leads some interesting difficulties because the zero locus of meromorphic functions on a complex
manifold is a submanifold of codimension 1 (that is just a set of points in the case of elliptic curves).
Since the theory we will study applies to any complex compact connected manifold, for this section,
we will forget to work on complex tori.

6.1 Weil Divisors

Weil divisors are the most concrete description of a divisor and hence they are very useful to under-
stand concepts that involves divisors. The price we pay is that their definition is too concrete and it
is very hard to use it in proofs.

Definition. Let X be a compact complex manifold and {X;}; a collection of analytic hypersurfaces in
X. {Xi}1 is locally finite if for all p € X exists an open neighbourhood U, that intersects only a finite
number of X;.

Definition. A Weil divisor is a formal sum D = }} a;X; where a; € Z and {X;}; is locally finite. We
denote with Div" (X) the free abelian group of Weil divisors on X.

We want now to relate the notion of divisors with the meromorphic functions. Given f € HO(M")
we can build div(f) as the formal sum of the hypersurfaces representing the zero locus and the pole
locus, each one counted with its multiplicity. More precisely:

STEP 1: If f is holomorphic and X = {g = 0} is an analytical hypersurface defined as the zero locus
of an irreducible holomorphic function g, we define for all p € X

ordx(f)(p) := max{n >0 | f|up =g¢"h,h € 0"(Uy)}

Nullstellensatz theorem ensure that n < co and that n > 0 if and only if X € Z(f). Moreover one
can show that the function ordx(f)(-) is constant on the set of smooth point of X and hence, since
smooth points are dense and connected in X, constant on X. With a great fantasy, we call ordx(f)(X)
the order of f in X.

STEP 2:: If f is meromorphic, locally, f = fi/f, with f; holomorphic. We define ordx(f)(p) =
ordx(f1)(p) — ordx(f2)(p).

STEP 3:

dio(f) = Z ordx (F)(X)X:.

6.2 Cartier Divisors

Cartier divisors are more abstract, but they have the advantage to be described via sheaves. In a first
step we will see the definition without using sheaves, and then we introduce them. Both definition
will be useful.

Definition. A family (U,, h,), where (U,) is an open cover of X and h, € HO%U,, M*), is admissible
if hy/hg € H(U, n Ug, 07) for all a, p such that U, N Up # 0. Two families are equivalent if their
union is still admissible.
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Definition. A Cartier divisor is a class of equivalent admissible families. We denote by Div€(X) the
set of Cartier divisors.

We would like to put a group operation on Div®(X): first of all notice that if D = (U,, h,) is a
divisor, then the family (U,, 1/h,) is admissible and define a divisor that we denote by —D. Moreover
if D" = (U}, h,,) is an other divisor, the family (U, N U5, h, hl’;) is an admissible family which defines
the divisor D + D".

Definition. We say that a divisor D is effective if it admits a representation (Uy, h,) in which h, €
HU,, 0) for all a.

Notice that the definition is well posed because every other equivalent family satisfies this prop-
erty.

Definition. We say that a divisor D is principal if it admits the representation (X, /1) in which h €
HY(X, M), ie. D = div(h).

Proposition 6.1. Every divisor is the difference of two effective divisors.

Sketch of proof. If D = (Uq, hy), for all x € Uy, there exists a neighbourhood U, x such that h,p,, =
fax!Sax With fa x, ga,x holomorphic. Itis sufficient to prove that the families (Uy x, fa,x) and (Ua,x, $a,x)
are admissible and that D is the difference of the divisors induced by these families. O

Before using sheaves to describe Cartier divisors, recall that there exists an exact sequence on
sheaves over a complex manifold X:

0 s 0" s M* s M*/6* — 0

Remark. There is a different use of the ash: the sheaf ¢* is the sheaf of holomorphic and nowhere
vanishing function. The sheaf M" is the sheaf of meromorphic function non identically zero.

From the definition given before, we have that if (U,, h,) is admissible
* 1o € H Uy, M)
* ha/hg € H'(U, N Ug, 0).

Hence {h,} € C°(X, M"), the group of 0-Cech-cochain, and 6{h,} = {ha/hg} € CY(X, 0). If we then
consider the quotient sheaf M*/&™* and denote with {h,} the equivalent class, we have that a family
(U, hy) is admissible if and only if {,} € CO(X, M*/6") is closed, i.e. 8{h,} = 0 € CL(X, M*/6"),
thatis {h,/hg} € CY(X, 0"). In conclusion we have that

Div“(X) = HY(X, M*/0™).
Let us denote with [{/,}] an element in H'(X, M*/0"). (sorry for the horrible notation)

Remark. Given two admissible families (U,, h,) and (U}, h},), we have that

[(ha}] = [{(he}] &= [{ha} = (W} = [0] & {ha} - {(h} =0 & {ha/h,} € CUX, 07,

thus the families are equivalent.
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Remark. To be more precise, all the implications in the above remark hold up to take a common
refinement of (U,) and (U},), but it always exists since we are working on complex manifolds.

Let us recall that the exact sequence of sheaves above induces an exact sequence in cohomology:
0 — H%X,0") — H'(X, M) 7 HY(X, M*/0") — HY(X,0") —> ...

Definition. A divisor D € Im(¢) is a principal divisor.

6.3 Link between Weil and Cartier

In this subsection we would like to establish an isomorphism between Cartier and Weil divisors. To
do so we need the notion of support of a Cartier divisor.

Definition. Let D € Div€(X) an effective divisor corresponding to the family (Uy, hy). Let F, € U,
be the closed set defined by h, = 0. It holds that

e Funlpg=FgnU,
e |J, Faisclosedin X
* | J, Fn is independent from the representation chosen for D.
We define the support of D as supp(D) := J, Fa.
Theorem 6.2. Let X be a complex connected compact manifold. There exists an isomorphism
F: HY(X, M*/0") — Div" (X).

Sketch of proof. For the proposition 6.1 every Cartier divisor is D = D; — D, with D; effective. Let
F(D) = supp(D1) — supp(D2) counted with multiplicity as shown previously.

This map is clearly a homomorphism, to show that it is bijective we build the inverse: let us consider
D=3%aX;=D1—-D; = ijXj - C]'Xj with bj,Cj > 0. We set F_l(D1) := (Uj, h;) where X; C U;
and h; = (f;)" with f; is the (unique by Nullstellensatz) function such that X; = {f; = 0}. The thesis
follows by setting F~}(D) = F}(D;) — F (D). o
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7 Meromorphic Functions

7.1 Theta Functions

Definition. Let V be a vector space and I' C V' a lattice. A theta-function associated with I' is a non
null integer function 6 such that, for all y € T, exists

* alinear form a,,
* aconstant by,

such that
0(z +7) = 2 (HE) g2) forallz e V

Definition. Given a theta function, we call (a,, b,), its type.

The main purpose of this subsection is to find a better equivalent representation for the type of a
theta function. In the end of the section we will prove that every meromorphic function on a complex
torus is the quotient of two theta functions of the same type.

Remark. The constant b, is defined up to integer.
Proposition 7.1. The following properties hold:

(1) Ayyiy, = ay, +ay,

(2) by 4y, = by, + by, +ay,(y1) mod Z.

Thanks to (1) we can define a application that is Z-linear on first component and C-linear on the
second:

a:TxV —->C
(y,z) = a,(2).

We can extend it to an application a: V X V — C that is R-linear on first component and C-linear on
the second.

Proposition 7.2. The alternating R-bilinear form w(z, w) = a(z, w) — a(w, z) is real, integer on I and is an
element of AV, (i.e. w(iz,iw) = w(z, w)).

Proof. Lety1,y2 €T.
w1, 72) = aly1, y2) — aly2, 1) = ay, (y2) —ay,(y1) €Z
hence w is integer on I and thus real. Moreover

R 3 w(iz,iw) — w(z,w) =a(iz, iw) — a(iw, iz) — a(z, w) + a(w, z) =
=ia(iz,w)—ia(iw,z)+ia(z,iw) — ia(w, iz) =

=i(w(iz,w) + w(z,iw)) € C\ R,

and hence w(iz, iw) = w(z, w) that means that w is of type (1, 1). m|
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Definition. The form w is the Riemann form of the theta function 6.

Remark. We emphasize the fact that every Riemann form of a theta function is an integer form. It
will be important in the following chapters.

Definition. We say that two theta functions 01 and 0, are equivalent if and only if they have the same

Riemann form.

Definition. A trivial theta function is of the form 6(z) = ¢ where Q is a polynomial of degree at
most 2.

Proposition 7.3. Let O be a theta function. It is trivial if and only if one of these equivalent conditions hold.
(1) Its Riemann form is null.
(2) It never vanishes.

Proof. (1) If 0 is trivial,
0(z) = Q@) = p2mi(g(2)+1(2)+c)

with g quadratic and [ linear. Hence

Q(Z + 7/) :82ni(q(z+y)+l(z)+l()/)+c) —
—p2mi(2B(z,7)+q(2)+q(y)+1(2)+1(y)+c) —

=2+ H () g (7)

where B is the symmetric form associated with g. This implies that 0 = %a)(z, w) := B(z, w) — B(w, z).

(2) If O is trivial it is clear it never vanishes. The converse also holds because we can consider the
exact sequence 0 — Z — 0 — 0" — 0, and hence if 0 € H°(0*) it means that 6(z) = 8 for some
holomorphic g. Moreover, since 0 is a theta function,

eg(z+y) — ea7/(z)+b,/eg(z)
and hence
dZ
§z+7)-8@) =ay(2)+by = —5(8(z+7y)-8(2) =0.
Thus % g is periodic, hence constant, hence g is quadratic. m]

Recall that, as we saw in the lemma 3.3, there is an Hermitian form H(z, w) := w(z, iw) — iw(z, w)
associated to w.

Definition. A normalized theta function is a theta function such that
o = %H
e Imb, =—-1H(y,y).

Proposition 7.4. Every theta function is equivalent to a normalized theta function and a normalized theta
function satisfies

Oz +7y)= e2mi(zH(y 2)+Reby =3 H(y. 1) g (7) = o2miReby onHy D+ FHO) g (7 = a(y)e™ A EH0Y)g(2)
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Remark. We can see a(y) = eZmiReby a5 a function a: T' — U(1). It will assume an important role in
the definition of the group Pic?(X).

Definition. Let O be a theta function. The couple (H, o) is the type of 8. We call @ a semicharacter for
H.

Proposition 7.5. Let a be a semicharacter for H. It holds that, for A, u € T
a(d +u) = a(Da(e™ M = a(V)a(p)(-1)
Remark. The type of a theta function is uniquely determined by the quantity

0z+y)

nH(y,z)+ZH(y,y) ._
0@ - a(y)e r2+3H@Y) = ey(z)

which will turn out to be very important to talk about line bundles.

Definition. The function e, is called multiplier for a theta function of type (H, ). In literature it is
also called factor of automorphy.

Proposition 7.6. For all theta functions, the form w is positive, in the sense that w(x, ix) > 0 for all x # 0.

Proof. We can suppose that the theta function is normalized. We set
¢(z) = e 31E20(2)

So, forall y €T,
in(w(y,z)+2Reby)

pz+y)=e P(2).

Hence the function |¢| is I'-periodic and hence bounded: there exists a constant K such that |6(z)| <
Ke3H(=2) So, if H(zg,2z9) < 0, the holomorphic function t +— 6(tzg) goes to 0 when |t| goes to
infinity and hence it is identically zero for Liouville theorem. Since the condition H(zo, zp) < 0 implies
H(z, z) < 0in a neighbourhood of zg, 8 = 0 and it is a contradiction. O

We said that two theta functions are equivalent if and only if they have the same Riemann form.
Let N be the kernel of H (we set by definition N as the kernel of w). Let zp € V and 6 a normalized
theta function, for all z € N we have:

|0(z0 + )| < Ke3HGo70),

Hence the function z — 6(zp + z) is constant on N. In particular this is an another way to say that a
theta function with null Riemann form is trivial.

Remark. If the form w is such that w(x, ix) > 0, it is an integer K&dhler form on X.

Let us conclude with a proposition that will turn out to be very important in the study of those
complex tori which do not admit an integer Kéhler form.

Proposition 7.7. Let O be a theta function over a complex vector space V associated to a lattice T. Let us
denote by w its Riemann form and N := ker w. The image of I in V := V /N is a lattice 'y, and 6 comes
from a non degenerate theta function on Vy associated to the lattice T'y.
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Proof. Let (y1,...,)2¢) be abasis for I'. There exists by continuity a neighbourhood U of the origin in
Vn such that |[H(z, y;)| < 1forall j and for all z € V whose projection on Vy lies in U. If the projection
of zisin 'y NU, then w(z, y;) is integer and and its absolute value is strictly less than one and hence
null. It implies z € N and thus I'y N N = {0} i.e. I'y is discrete in V. The vector space spanned by
I'y is the projection of the vector space spanned by I' and hence is the whole V. This implies that I'y
is a lattice. By the definition of Vy it is clear that, if p: V — VJ, the function 6 o p‘l is a well defined
and non degenerate theta function on Vi associated with I'y. O

7.2 Fundamental Theorems and Consequences
Theorem 7.8. Every effective divisor on a complex torus is a divisor associated with a theta function.

Proof. Let D = (hg, U,) an effective divisor on the complex torus X = V/I. We can suppose that
every connected component of 7=}(U,) is convex and disjoint by its transaltion by I \ {0}. Since the
functions h, are holomorphic, the differential forms w,g := dlog(ha/hg) are closed and of type (1,0)
on U, N Ug. If we consider (¢,) a partition of unity relative to (U,), the form w, := X5 pswas is of
type (1,0) on U,. On U, N Ug we have

W — Wp = Wap and dw, = dawg.

Thus (dw,) define a unique closed 2-form without terms of type (0,2) that is in the same cohomology
class of a constant form 7 of the same type. It means that does exist a global 1-form wy of type (1,0)
such that on each U,

dwy = n+ dwg.
Since t!(U,) is simply connected we have that 1’ = dw; for some wy = Y, i li(z)dz; and hence, since

d(n*(wa - wp) — a)l) = 0, there exist a function f, such that
T (wa — wo) — w1 = dfy.

Since all terms in left side are of type (1,0), the functions f, are holomorphic. We now would like to
find a special global function starting from this local data. On 7t=!(U,) N n‘l(uﬁ),

df, — dfs = dlog " (ha/hp),

hence, up to multiplication for a constant in any connected component, the functions e fet*h,, glue
together to a holomorphic function 6 on V. We have now to prove that 0 is actually a theta function.
On 7~ 1(U,) we have that

0(z +
tog 221 = o) - e+ )
s0, since T*(wq — wo) is T periodic,
0(z+y) B . ‘
dlog TZ) =wi(z+y)—wi(z) = Z]: li(y)dz;
that shows that 0 is a theta function with a, = 1/2mi ¥ 1;(y)z;. O

Definition. We set the type of a effective divisor as the type of its associated theta function.
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Theorem 7.9. Every non null meromorphic function on a complex torus is a quotient of two theta functions
of the same type.

Proof. Let f be a non null meromorphic function over X. We can decompose its divisor as a difference
of two effective divisors D = D7 — D, and let 0 be a theta function associated with D,. The function
0 - (f o m) is holomorphic on V because its divisor D is effective and it is a theta function of the same
type of 0. ]

We end this part giving three results that bind Kéhler forms, meromorphic functions, divisors and
projectivity of a complex tori.

Proposition 7.10. Let X be a complex torus and u: X — CP" a holomorphic function. There exist 6y, . .., 0,
holomorphic such that one of the following mutually exclusive condition holds

e they are null.

e they are normalized theta functions of the same type, without common zeroes and such that u(x) =
(Bo(x),...,04(x)) forall x € X.

Proof. Let us suppose the image of u does not lie in any hyperplane x; = 0. For all j, the equation
xj = 0 defines an effective divisor on P" and, in the same way, the equation x; o u = 0 defines an

effective divisor D; on X. Let 0y be a normalized theta function associated with Dy. For all j, the
Xjou Xjou
m Xoou
be clear later, see for example section 8.5) and associated with the effective divisor D;. This implies

thatu = (xpou,...,xpou)=(6,...,06). O

function 0; := 6 is a normalized theta function ( is I'-periodic) of the same type as 6 (it will

Proposition 7.11. Let X be a complex torus and let us suppose there exists a holomorphic function u: X —
CP" and a point x € X such that u='(u(x)) is finite. So there exists an integer Kihler form on X.

Proof. Thanks to the previous proposition there exist 0y, . .., 0,, normalized non null theta functions
of the same type and with no common zeroes such that u = (6p,...,6,). Let w be their common
Riemann form and N its kernel. Since fibres of u are finite, N must be empty because 0;(zo + z) = a;
is constant for all z € N and it would imply that u~!(ay, ..., a,) is not finite. Hence w is an integer
Ké&hler form. m|

Proposition 7.12. Let X be a complex torus. There exists a complex torus X,y (called the abelianization of X)
and a holomorphic surjection p: X — Xgp such that:

e There exists an integer Kihler form on Xgp.

* Every holomorphic function from X to a projective space factorises by p.

* p induces an isomorphism between the fields of meromorphic functions M(X,p) and M(X).
* p induces an isomorphism between the groups Div(X,p) and Div(X).

We will see the proof of this fact in section 10.
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8 Line Bundles

8.1 Standard Definition

For the convenience of the reader we recall basic definitions and results about line bundles over a
connected complex manifold. The main goal is to give a description of this theory via sheaves in
order to make clear its bond with divisors and meromorphic functions.

Definition. A line bundle over X is the pair (L, p) where L is a connected complex manifold and
p: L — M is a holomorphic surjective function such that exists a cover {U,} of X and a family of
isomorphisms 1, : p~1(U,) — U, x C with transition maps

Ya © IP?Z (uaﬂuLg) XC— Uy N uﬁ) x C
(Z/ t) — (z,gaﬁ(z)t)

where g,p: U, N Upg — C are holomorphic non-vanishing functions, i.e. g,(z) € GL1(C) = C* for all
zel,N Uﬁ.

Remark. The functions g, define completely the line bundle and satisfy cocycle conditions, in fact,
ifuanllﬁmuy #0:

id = ooy =Pao sl ogpopylop, oy
(z,t) = (2, 8aa(2)t) = (2, gaﬁ(z)gﬁy(z)gya(z)t) =(z,t)
Definition. A global section of a line bundle is a holomorphic function s: X — L such thatpos = id.

Notice that we can use the trivialising atlas to express a section s as a collection of local data:
s = {sq: Uy — Uy X C}. To be more precise:

Sq = (id, fo): Uy = Uy X C

Z (Z/fa(z))'
Remark. If U, NUg # 0,
I/Jaolpgl P”Zolpaowgl
(U, muﬁ)xc _— (uanuﬁ)xc fa(z) — gocﬁ(z)foc(z) =fﬁ(z)
T 1
UQQU5 d )Uaﬂllﬁ Z > Z

Therefore the transformation law for local sections coming form the same global section is fg(z) =

8ap(2)fa(2)-

Definition. Two linebundlesp: L — X and p’: L’ — X are isomorphic if there exists an isomorphism
u: L — L’ such that p o u = p’ and that is linear on the fibres.

Remark. We would like to give a local description of a line bundle isomorphism: first of all notice
that we can suppose, up to take a common refinement, that L and L’ are trivialized via the same open
cover that means that both L and L’ are modelled on U, X C.
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U, xC M} u,xcC

Thus, u(P;'(z, 1)) = P41z, ha(x)t), where h,: C — Cis a linear map.

Hence we want that locally the following diagram commutes for all U, N U # 0.

id,h
(Us nUp)xC — 2 s U1, nug) = C

\|/(id/gaﬁ) led,g{lyﬂ)

(Uy N Uy x C —2 s 1, n ) xC

And it means that g(’xﬁ =hy - Sap - hlgl.

8.2 Sheaf-theoretic definition
We would like to transpose these notions in therms of sheaf cohomology.
Definition. A holomorphic line bundle is a closed 1-cochain {gas} € C}(X, 7).

Indeed if we compute 6{gag} = gap(gy8) " gya = §aa = 0, we get the cocycle conditions and hence
{8ap} defines uniquely a line bundles in the standard sense.

Definition. Two line bundles {g.s} and {g/, ﬁ} are isomorphic if and only if they belong to the same
cohomology class in H(X, 0%).

Proposition 8.1. The two notions of isomorphism coincide.

Proof. Let us denote with [-] the homology class.

[{gs)] = [{gas}] = {5} = {gap} - O{a} = (ragash;'}
with {h,} € CY(X, 07). o
Hence, up to isomorphism, holomorphic line bundle are classified by H'(X, ¢*).

Remark. Recall that we defined a section s as a collection {s, = (id, fy): Uy — Uy X C} with f, €
0(Uy) such that f, = gap - fg. This is possible if and only if f, and f; vanish in the same set in U, N Up
since gap € 0" (Uy NUp) and gup = fa/ fg- Hence, as cochains, {gap} = 6{fa} that is clearly closed but
not necessarily exact since {f,} € C%(X, ©) and, a priori, not in C°(X, 6*).

We want to give H'(X, 0*) a group structure:
Definition. Given two line bundles {g,p} and { g;ﬁ} we define:
e The dual line bundle L' associated with {giaﬁ}

* The tensor product line bundle L1 ® L, associated with {g.s - &, ﬁ}'
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Who is the identity element? It is clear that the trivial bundle with identical transition maps {144}
acts as identical element, but, by the definition of isomorphic line bundles, any other bundle in its
cohomology class is a possible representative. Hence

[{1ap}] = B(X, 0") = {{8ap} = {ha/hp} with {h,} € C*(X, 6")}
is the identity element in H'(X, 0").

Definition. We denote by Pic(X) the group H'(X, ¢*) endowed with the operations just defined.
And we call it the Picard group of X.

The Picard group is a very strong tool to study complex manifolds because line bundles encode a
lot of information of the underlying complex structure. The main reason of their importance, as we
will see, is related to the fact that on a compact complex manifold there are no but constant global
holomorphic function that can not give us any information. We can so use, when they exist, global
sections of line bundles (that we can locally see in some ways as holomorphic maps X — C) to pull
out the informations we need. For example in the next section we will see how line bundles are
strictly related to divisors and in section 10 we will relate the projectivity of a torus (but in general of
a compact Kédhler manifold) to the existence of an ample line bundle.

8.3 Divisors and Line Bundles
The language of sheaves helps us to find a very strong link between divisors and line bundles.

Definition. Let D = (U,, h,) be a divisor. We denote by 0x(D) the line bundle with transition maps
Sap = ha/hﬁ.

We can define a group morphism
®: HY(X, M*/6") = Div(X) —» H\(X, 0*) = Pic(X)
D +— 0x(D).
It is well defined because, if (Uy, 1) is an another family that describes D (i.e. equivalent to (Uy, h4)),

we have shown that h,/h}, = I, is holomorphic nowhere vanishing. Thus, if g;ﬁ = hl,/h},, we have
that {g/, ﬁ} = {gap}0{ls} and hence they belong to the same cohomology class.

Lemma 8.2. Principal divisors form the kernel of ®.

Proof. Recall that a principal divisor is D = div(h) with h € H(X, M*). Hence if we consider the
cochain {h,/hg} it turns out to be in C (X, 0*) since h,/ hg = id. The conclusion follows from the
definition of the identity element in Pic(X). O

Proposition 8.3. The morphism ®: D + Ox (D) establishes an isomorphism between divisors modulo prin-
cipal divisors and line bundles (modulo equivalence) which admit a non trivial meromorphic section.

Indeed, a meromorphic section of a line bundle is the data {s, € M"(Uy,)} such that sz = gupsa
and {gap} € O"(Uy N Up). Every divisor D = (U,, h,) allows us to associate &x(D) a meromorphic
section that is {h,}. It is in fact a section and defines uniquely the line bundle by the definition, since

Sap = ]’l,,,/hﬁ
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Proposition 8.4. For a divisor D on X we have that
I'(X,0x(D)) = {f e M(X) | f =0ordiv(f)+D >0}

Indeed, if (U, h,) is a representation for D and f is a meromorphic function such that div(f)+D is

effective, the function f h, is holomorphic on U, and then it defines a section of €x(D). On the other
hand, to every section (s,) of Ox(D), we can associate the meromorphic function f locally defined by
Sa/hqg.
Let L be a line bundle. We denote by |L| the set of effective divisors associated with non null holo-
morphic sections of L. In fact we recall that a holomorphic section for L is a collection (s, € 0(Uy,))
such that s, = gapsp and gap € O*(Uy N Up). On the other hand an effective divisor is a divisor
D = (ha,Uy) where hy € 0(U,) and hy/hg € 0*(U, N Up). By the fact that we consider a divisor D
up to equivalent admissible representation, we can consider the map

PI(X, L) — Div(X)

since (s, ) and (As,) would generate the same divisor. Since a torus is compact the map div: PI'(X,L) —
|L| is bijective.

8.4 Line Bundles on Complex Tori

The most natural way to build line bundles on complex tori is to start from the trivial bundle over the
vector space V, thatis V X C — V and acts on it via translation by elements of I".

(VxCO)xI' >V xC
(z,t,y)r— (z+y,6(2)-t)

where e),: V — Cis a holomorphic function, called multiplier or factor of automorphy, with suitable
conditions. In fact, so that this is an action, the multipliers e, must satisfy

ey+1,(2) = €y, (z + 12)ey,(2).
Recall that, from proposition 7.4, for a normalized theta function of type (H, @) the quantity

0(z+7y)
0(z)

nH(y,2)+3H(y,y)

ey(z) = =a(y)e

satisfies this condition and in this case e, is said canonical multiplier. We will see in the next section
that we can define an equivalent relation in the group of multipliers such that the quotient space can
be seen as a particular cohomology group.

Definition. We denote by L(H, a) the line bundle over X associated with the theta function 9 of type
(H, @) in the sense that
L(H,a)=(VxC)/T

with the action given by the multiplier e, (z) = 0(z + y)/0(2).

Thus we associated to every theta function a line bundle. We ask if it is possible to establish
a bijective correspondence, i.e. if we can associate to every line bundle a theta function (Appell-
Humber Theorem). The answer is yes but, to explain why, we have to wait for stronger tools such as
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the first Chern class associated with a line bundle.

Sometimes will be useful to use a different notation: if e, (z) is the multiplier associated with the line

bundle L := L(H, a), we will denote ¢, (z) := er(y, z) = a(y)e™ 02+ 3HG ),

Corollary 8.5. The function ey, has the following properties:
e a(ny)=a)"
e er(y,z+w) = er(y,z)e™@r)
e er(y+u,z)=eL(A, u+z)e(y, z)
e er(y,z)t = ep(—y, z)e ™)

While waiting for the first Chern class, we can focus our attention to an another important and
interesting fact concerning sections in I'(X, L(H, a)).
LetIT: V x C — L(H, a) the canonical quotient projection and let s be a section of L(H, a) — X. We
can associate to s a holomorphic function 6;: V' — C such that the following diagram commutes.

VxC——="1 % I(H,a) (z,05(2)) | > s5(n(z))

Since, by definition of quotient projection, I'1(z+y, 65(z +y)) must be equal to I'l(z, 05(z)), the function
0s must satisfy
0s(z +7) = €,(2)05(2) = a(y)e™ A 3HI Vg, (2)

and hence it is a theta function.

Proposition 8.6. The application

¢:T(X,L(H, a)) — {normalized theta functions of type (H, a)}

s > O

establishes an isomorphism between the vector space of sections of L(H, a) and the set of normalized theta
functions of type (H, av).

This is a crucial fact because we have associated to every line bundle L = L(H, a) a family of theta
functions of type (H, ). If we prove that every line bundle is of the form L = L(H, ) we will reach
our intent.

8.5 Digression: Pull-Back of Line Bundles

Recall that we have the projection 77: V' — X and we can consider the pullback of every line bundle
L — X asalinebundle n'L — V.

There is a general theory concerning line bundles and universal (holomorphic) covering spaces : X —
X: in particular one can describe line bundles L over X whose pullback 7*L is trivial in terms of the
cohomology of the fundamental group m1(X). Let us give some simple definition concerning group
cohomology (we will not go through the details).
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Definition. A holomorphic map f: 711(X) X X — C* satisfying the cocycle relation

fA+p,2)=fA, p+2)f(u,z)

is a 1-cocycle of 711(X) with values in H)(X, 07).
Definition. A 1-cocycle of the form f(A,z) = (A + z)h(z)~! for some h € H(V, &%) is a 1-boundary.
Definition. The quotient between 1-cocycles and 1-boundaries is a cohomology group: H' (1(X), H'(X, 6)).

In our case we have:

e (X)=T

e X=V

e HY(X,0") = HYV, 0% = 0*(V)

and moreover any line bundle over V is trivial, hence this classification is complete. Notice that,
thanks to the third point of corollary 8.5, the 1-cocycles are exactly the multipliers e; and then two
1-cocycles that differ by a boundary are associated with the same line bundle because they can be
seen as different sections (theta functions) of the same type.

Remark. Any e is of the form O(y +z)/6(z), but, in general, 0 ¢ H(V, &*). According to Proposition
7.3, the only holomorphic nowhere vanishing theta functions are trivial theta function 0(z) = eQ®.
Thus e, is a 1-boundary if and only if its theta function is trivial. It makes sense because, for Proposi-
tion 7.3, 0 is trivial if and only if @ = 0 and it holds if and only if H = 0 and hence it is of type (0, @)
and it leads to a trivial line bundle in Pic%(X) as we will see in the next sections.

In literature, there exists a general theorem about line bundles and covering spaces.
Theorem 8.7. There is a canonical isomorphism
¢1: H (m1(X), H'(X, 6%)) — ker (n*: H(X, 0") - H(X, 0"))
Proof. See (BL), Proposition B1. ]
In the theory of complex tori this theorem becomes much simpler since H (X, 0*) = Pic(V) = {0}.
Theorem 8.8. There is a canonical isomorphism
@1: HY(T,H(V, %)) — Pic(X)

Remark. This gives us an another way to see Proposition 8.6. In fact for any line bundle L on X there
is a natural isomorphism
HYX,L) = HY(V, L)Y = H'(V,V xC)"

where the last equivalence is given by a trivialization a: 7L — V X C that always exists. Hence it
follows that if f € Z1(I', H'(V, 6”)) is associated with a, the elements in HO(V,V x C) are just the
holomorphic functions 0: V — C satisfying

O(A +2z) = f(A,2)0(z).
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After this long digression about pullbacks via the covering map, we would like to study the be-
haviour of line bundles under pullbacks by holomorphic maps between complex tori. Recall that
such holomorphic maps can be seen as composition of homomorphisms and translations.

Now, we must be careful with the notation: here z is an element of V and we denote by Z the element
n(z) € X.

Lemma 8.9. Forany L = L(H, o) € Pic(X)and z € X,
T:L(H, a) = L(H, ae®™ "))

Proof. The translation 7, on V induces a translation 7z on X. Moreover the induced map 7:. is the
identity on I' = 711(X). Hence, if ey is the multiplier of L, (idr X 7;)e is a multiplier for T;L(H, a).
We would like to find a multiplier equivalent to it (i.e. such that they differ for a 1-boundary) that is
canonical. For h(w) = e ™®2) we have:

(idr X T2)"er (A, w)h(w + A)h(w)™ =

— eL(/\,w + Z)e—nH(w+)\,z)+nH(w,z) —

— a(/\)eZRiw(z,/\)enH(w,/\)+ FH(AA)

and hence it is equivalent to (idr X 7;)*e; and canonical. O
Remark. If L = L(0, ), it holds that 7L(0, a) = L(0, a) because H = w = 0.
Theorem 8.10 (of the Square). Forall Z, w € X and L(H, @) € Pic(X),

i, oL(H, @) = TiL(H, a) ® T, L(H, a) ® L™ (H, @)

w

Proof. It follows from the previous proposition. In fact it holds that 1%, ;L(H, @) = L(H, ae?™@E+w,))
and the canonical multiplier of T:L(H, @) ® T3 L(H, @) ® L™(H, a) is:

2niw(z,) 2niw(w,) | 0(_1 2niw(z+w,")

ae -ae = ae

8.6 First Chern Class and Pic(X)

Le X be a complex manifold and let us consider the exact sequence

0 > 0" > M > M j0" —— 0

and the induced sequence in cohomology
0 — HO(X, %) — HY(X, M*) — HY(X, M*/6") = Div(X) —— H'(X, 6%) = Pic(X) — ...

in which appear the groups Div(X) and Pic(X).

Itis clear that the image of H(X, M), isomorphic to the group of principal divisors, in HY(X, M*/&*)
is in the kernel of @, i.e. defines trivial line bundles.

This sequence shows us that there exist line bundles which do not admit meromorphic sections. Their
existence is in fact related to the surjectivity of Div(X) — Pic(X) that occurs if and only if Pic(X) —
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HY(X, M") is the null map.
We focus our attention on an another sequence in which Pic(X) occurs: it is the long exact sequence
induced by

0 > Z > 0 > 0"

~-
e

Definition. The map
c1: H(X, 0*) — H*(X,Z)

is the first Chern class.

In order to understand the map c; let us consider the C* sequence:

0 > Z 0 > 0" > 0
L4

\
0 > L > C% > (C) —— 0

Since the sheaf C™ is acyclic (because partitions of unity are allowed), we have that ¢;: H'(X, (C®)*) —
H?(X,Z) is an isomorphism. Hence smooth line bundles are characterised by a discrete invariant and
the trivial smooth line bundle is such that ¢1(L) = 0, thus ¢1(L) is an obstruction to the existence of a
smooth never vanishing section.
In the holomorphic case, since c; is no more an isomorphism, a lot of different line bundles are such
that c1(L) = 0, so the smooth trivial line bundle can be endowed by many different holomorphic
structures that are parametrized by Pic’(X) := ker(c;) = --- = HY(X, 0)/HY (X, Z).

We are now ready to study the interaction between Div(X) and Pic(x).
From now, we forget the manifold in the scripture of cohomology groups.

Remark. If X is compact
H%Z)=72 H%0¢)=C HY%0o")=C

And, since the sequence 0 —» Z — C — C* — 0 is exact, we can split the long exact sequence putting
a”0” between H(¢*) and HY(Z).

Hence, for a compact complex manifold we have
0 — H'(Z) —— H'(0) \
0 — H%(¢") — HM*) — Div(X) —23 Pic(X) — HI(M*) —> ...

H*(Z) — ...

Theorem 8.11. For any compact complex manifold
n(D) = PD([D])

where [D] € Hpy—2(X, Z) is the homology class of the hypersurface identified by D and PD: Hy, (X, Z) —
H?(X,Z) is the Poincaré dual.
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Application to Complex Tori

We would like to study the first Chern class on complex tori. To do so we need to introduce a Hermi-
tian metric on a line bundle and study the cohomology group of the sheaf &' over a complex torus.

Definition. A Hermitian metric over a line bundle p: L — X is a function || - ||: L — [0, o) such that
in local charts ({4, U,) one have |[¥;1(z, t)|| = ha(2)|t], where h, is a smooth positive function.

Remark. If X is a complex torus the function
Iz, )l = e~ 212
is an Hermitian metric over the line bundle L(H, a).

Proposition 8.12. Let s be a non vanishing holomorphic section of the line bundle L(H, ). The (1, 1)-form
given by

53910111

2ni
is independent by the choice of s and represents the cohomology class c¢1(L(H, a)).

Sketch of proof. Every other non vanishing section s’ of L is of the form s’ = fs, where f is nowhere
vanishing and holomorphic.

ddlog(||s'|?) = ddlog(|Is|I>f f) = ddlog(||s||?) + ddlog(f) + I log(f) = ddlog(||s||)
since d log(?) = élog( f) = 0. We do not prove it represents c1(L(H, )). O

We proved in Proposition 8.6 that, given a line bundle L = L(H, a) and a section s: X — L, we can
associate to it a normalized theta function of type (H, @). In Proposition 7.2 we associated to every
theta function its Riemann form w. The proof of the following Corollary strengthens the relation
between sections of L and its first Chern class showing how w and s are related.

Corollary 8.13. The form w = ImH represents the first Chern class of the line bundle L(H, a).

-nH(z,z) f|2

Proof. We can use the metric in the above remark to compute ||s(z)||* = ||(z, t)||> = e

Py 2y = L (93 10e(e™ED) 199 10a(tD)) = ——9dlos(e-™HE) = L3 — ImH =

=09 log(IsI?) = 5— (aalog(e )+aalog(tt)) = ——9dlog(e )= 599H(z,2) = ImH = @
m|

Before starting with the proof of Appel-Humbert theorem we need to make some remarks about
sheaf cohomology groups on X.

Remark. For all > 0 it holds that

H'(X,Z) = A'T* and H'(X,0) = AV = A>V*,
Moreover recall that there exists a sheaf inclusion i: Z — ¢ given by the composition Z —
C — 0. This morphism passes in cohomology H'(i): H'(X,Z) — H'(X, 0) and associates to an
alternating form w over I its R-linear extension wr over V and then his (0, r) part: @%". Then we
have the following:
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0 H Hl(X/Z) H Hl(X, ﬁ) —> Hl(X/ ﬁ*) H HZ(X/Z) H HZ(X/ ﬁ)

10 . 1 2
0 v — 20 7 MO piex) — 2y a2 L0y po2ys

Where the functions are explicitly defined by

e H(i): w w%l
o H(e): I — L(0, eZiImi())
e H%(i): w a)]%2
Hence, c1(L(H, a)) = ImH.
Lemma 8.14. If X is a complex torus we have

ker ¢ := Pic®(X) = HY(X, 0)/HY(X,Z) = V /T

where T = {I € v | Im(I(T)) C Z}. That means that Pic®(X) is isomorphic to the group Hom(T,U(1)) of
unitary characters defined in section 7.1. It is a torus and it is called dual torus of X.

Proof. We defined Pic®(X) := ker c;. Hence for the exactness of the sequence we have
kercy = imH'(e) = V*/kerHl(e) = V*/imHl(i) = V*/l"*,

where the last equivalence holds since H!(i) is injective. Therefore we want to prove H!(i)(I'*) = I
A unitary character is completely determined by its behaviour on a basis of T: a(y;) = e2™4. We
associate to it the R-linear form Ir: V' — R such that [r(y;) = a; and then the C-linear form I(z) =
—Ir(iz) +ilr(z) and hence we get a surjection V- Hom(T, U(1)) whose kernel is T because e2™% =1
if and only if a; € Z. Since Hom(T, U(1)) = U(1)*8 is compact, I is a lattice. m|

In the last part of this section we prove the most important theorem about line bundles on complex
tori and study some properties of Pic?(X).

Lemma 8.15. The following sequence is exact
0 — Pic%(X) — Pic(X) —— A" N AV — 0

Proof. Obvious by the definition of Pic’(X) and by the fact that c; is surjective due to Proposition
8.12. o

Theorem 8.16 (Appell-Humbert). Every line bundle over a complex torus is of the form L = L(H, ) and
the pair (H, o) is uniquely determined.

Proof. We know that Pic%(X) is the subgroup of Pic(X) formed by all bundles of type (0, ). The
exactness of the sequence in the lemma ensure us that c; is surjective and its image coincides with
the Hermitian forms on V with imaginary part integer on I'. We have to prove that for all H €
A’T* N A1V there exists a: I — U(1) semicharacter for H. We can build it: let = ImH and define

a(]/) = e_%H(V/}’)
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That satisfies
a(yr+72) = a(yn)a(y2)e ™A = a(y1)a(yy)e ™ RHIY) = a(yr)a(yy)e ™01
Where the last equality holds because i - ReH(y1, y2) = i w(y1,iy2) = i-(=)w(y1, y2) = w(y1,y2). O

Now that we discovered that every line bundle is of the form L = L(H, &) we can reformulate the
notion of tensor product and inverse of line bundles:

L(H1, a1) ® L(Hp, a2) = L(Hy + Hy, 1) and L7'(H,a) = L(-H,a™)
Remark. This, with Proposition 8.13, implies an additive property of the first Chern class:
ci(L®L') = c1(L) +ea(L)

Remark. Lemma 8.15 is more general and it holds for any compact Kéhler manifolds X in this form:
the following sequence is exact

0 — Pic%(X) — Pic(X) —— NS(X) — 0

where N S(X) is the Néron-Severi group of X. Roughly speaking we can see NS(X) as Pic(X)/Pic%(X),
Im(cy) or H%(X,Z) N HY1(X).
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9 Interlude

9.1 Riemann Conditions

In the previous chapter we proved that if a torus can be embedded in a projective space, then it has an
integer Kdhler form. We will find an other condition involving the lattice (called Riemann Condition)
for a torus to have such a Kéhler form. In the next chapter we will see that a “very general” complex
torus does not admit such an integer Kéhler form. Let us recall the following

Definition. Given a bilinear alternating form w integer on I', we call the Pfaffian of w, pf(w), the
square root of the determinant of the matrix representing w.

The definition is well given because all the matrices representing @ have the same determinant in
all different bases of I'. In fact change of basis has determinant +1.

Proposition 9.1. Let w be a bilinear alternating integer form on I. There exist some positive integers
di,...,dg such that di|...|ds and a basis y1, ..., y24 of I such that the matrix associated with w is

[

where A is a diagonal matrix with entries dy, . . ., dg which depend only by w and hence pflw) = dy - - - dg.

Proof. Let dr the smallest positive value of w and let y1, 411 € T such that w(y1,yg+1) = dr. For
all y € T the integer dr divides w(y1,y) and w(y, y¢+1): indeed, if there exists y such that dr ¢
w(y1,7) it follows that MCD(dr, w(y1,7)) = m < dr and then there exist r and s in Z such that
m =rw(y1,¥) + sdr. Hence

w(y1, 1y +syga) = w(On, 1) + w1, 8yg+1) = rw(y1, ) + sdr =m <dr
and it is a contradiction. It ensures that forall y € T

C‘)(Vlz V) CU(V/ Vg+1)
n=y- ar 7/g+1——dr y1 €T

Since 1 is w-orthogonal to Zy1 & Zyg¢+1 = ()1, V¢+1)z, we have
I = (Z)/] ® Z)/g+1) ® (Z)/1 ® Z)/g“)l = (Z)/1 S5} Z)/g+1) ol.

Let x, y € I” such that w(x, y) = dr. Hence there exist q, r € Z such that dr = qdr +r with 0 < r < dr.
Hence

w(x,y) = qo(y1, ygr1) +r = w(x,y) —qo(y1, yge1) =17 = r=w(xX —qy1, ¥ — Yg+1) =0

where the last equality holds because dr- is by definition the minimum. Hence dr divides dr». We
conclude by recurrence on the rank of I'.

To show that dy, ...,d; depend only by w it suffices to notice that the greatest common divisor of
2r-minors of the matrix of w is independent by the choice of the basis. o
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Theorem 9.2 (Riemann Conditions). An integer Kihler form on a torus X = V /T does exist if and only
if there exists a complex basis B of V, some positive integers dy,...,dq such that d1|...|ds and a square
symmetric matrix T whose imaginary part is definite positive such that:

I' =178 & AZS.

Proof. Using former notations, we notice that the vectors ej = Vg+j /dj, j=1,...,¢ forms a complex
basis 8 for V. Let us denote with (7 A) the components matrix of y1,..., )2, in this basis and set
R =Retand S = Im 1. The matrix of w in components with respect to the real basis (¢;, ie;) is

-1 -1
((R A 0 AR A} [ O s
s o] \-A ofJls of \-tst fsYR-IR)S’
So that w is of type (1,1) it suffices that w(ix,iy) = w(x,y) for all x,y. By calculation we get that
ISTY(R-fR)S™ =0and 'S™! = 571, i.e. R and S must be symmetric. It implies that the matrix of the

Hermitian form associated with w in the basis 8 is S~ and hence it is definite positive.
On the other side, if the lattice I" has the form 1Z8 @ AZ3 in the basis B, the Hermitian form H

with matrix (Im7)~! is definite positive. Hence the matrix of w = ImH is

0 s
g1 g ) in the basis B
0 A}, . : . s
and ( A O) in the basis of I given by the columns of the matrix (7 A). Thus it is integer on I'. m]

We want to relate complex and symplectic structures of I' and V. The basis as in Proposition 9.1
is also called symplectic basis of I' for the Kéhler (symplectic) form w. Taking half of the basis leads
to a direct sum decomposition ' =T'1 @ I'2 = (y1,..., V) ® (Vg+1,. .., V2¢) Where I'; are isotropic (i.e.
I C l“l.l“’). If we denote by W the vector subspace ()1, ..., V), it is clear that there is a direct sum
decomposition V = W @ iW where, by the linearity of w, both W and iW are maximal isotropic.

Remark. All decompositions I' = I'1 ®I'; into maximal w-isotropic subspaces lead to a decomposition
of V in maximal w-isotropic subspaces. The converse is no more true: not always a decomposition
in maximal w-isotropic subspaces of V leads to a maximal w-isotropic subspaces of I'. For example
it happens when the maximal isotropic subspace W does not intersect “well” I, in the sense that
rank(W NT) < g.

The above remark allows us to better understand the classes in Pic(X)/Pic?(X)
Pic(X) := {L(H, a) | @ semicharacter for H}

In factif H € NS(X) is non degenerate (and hence so is w = imH), a decomposition V = V; @ V; leads
to define the map
ap: 1% — U(l)
v=0v1+0; > melLn)

And by an obvious computation, using that V; are isotropic, we have the following.
Lemma 9.3. Foreveryv =v1 + 0, w = wy +wy € V1 & V3,

0(0(?) + w) — ao(U)ao(w)enim(v,w)e—2niw(vz,w1)'
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Hence we can consider the line bundle Ly := L(H, ap) uniquely determined by H and by the
chosen decomposition. In other world the decomposition in maximal w-isotropic subspaces of V
distinguish a canonical representative Ly € PicH(X).

Proposition 9.4. Suppose H is a non degenerate Hermitian form on V and let V1 & V, a w-decomposition.
* L is the unique line bundle in PicH(X) whose semicharacter is is trivial on T; = V; N T.
e Forevery L = L(H, a) € Pic!(X) there is a point ¢ € V such that L = T:Lo

Proof. The first assertion follows directly from the definition of ag since w)r, = 0.
The second one follows from Proposition 8.9. ]

Up to now we used an approach consisting in ”choosing the right basis” for V and I and see what
happens. It helps a lot in understanding how the presence of an integer Kihler form affects the lattice,
but it seems to me that the converse is less clear. We propose below an approach that do not fix any
basis of V nor of I based on the period matrix.

Definition. Given a torus X = V/I, choose a basis (e1,...,eg) of V and (y1,...,)2¢) of I'. We can
write any y; in terms of the e; in this way: y; = X, yi jej. The matrix
Y11 ..o V12g
n=| - .
Vg,l . 7/g,2g

is called period matrix for X and it determines completely it.

Remark. With respect to these basis it is clear that
X = C8/T1Z28.
We ask ourselves: what it means a complex torus is an abelian variety in terms of period matrix?

Theorem 9.5. X is an abelian variety if and only if there is a non degenerate alternating matrix A € Mag(Z)
such that

(1) IA T =0
(2) iTIAMTI > 0

These are the Riemann Conditions. It turns out that A is the matrix of the alternating form w
defining the integer Kédhler form.
The proof of the theorem follows straightforward from the following two lemmas.

Lemma 9.6. Let H the bilinear form associated with w. H is Hermitian if and only if TTA"''T1 = 0

Proof. We recall that H is Hermitian if and only if the form w is of type (1,1). The rest is a straightfor-
ward calculation. See (Bl.) Lemma 4.2.2. O

Lemma 9.7. Suppose H is Hermitian. Then the matrix 2i(TIA~1tT1)~" is the matrix of H with respect to the
basis (e1, . .., eg). In particular H is definite positive if and only if iTTA™! 1 > 0.
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Proof. See (BL) Lemma 4.2.3. ]

We want to bind these approaches: let (X, w) be an abelian variety. Fix a symplectic basis (1, ..., y2¢)

0 A
for I' such that w has matrix A = A ol The period matrix with respect to a generic complex basis

(e1,...,eg) is then of the form IT = (ITy, ITz). We can rephrase the Riemann Condition this way
(1) TLA™ I —THATMTT, =0
2) inA_l tﬁl - iHlD_l tﬁg >0

If moreover we take the basis (e1,...,eg) = (y1/d1,...,vg/dg), we get (I}, Iz) = (1,A) and the
relations become

(1) TLA™ T —THA VI, = AA e — AV A = tr =7 =0
(2) iTLAMTT — iTHA T, = iAA YT — itA™ A = i(1T = 1) = i(T — 7) = i(=2i Im7) = 2Imt > 0

That are exactly the Riemann Condition we found in Theorem 9.2.

9.2 The Dual Complex Torus Pic?(X)

In this section we make some consideration about Pic%(X) that, thanks to Lemma 8.14, has the struc-
ture of a complex torus and it is isomorphic to the group Hom(I', U(1)). First of all we can read this
isomorphism in light of Appel-Humbert theorem. In fact it states that any line bundle is of the form
L = L(H, @) and since Pic%(X) is defined as ker cy, it follows that it is completely defined by the
semicharacters « for H = 0, that are exactly the elements in Hom(T', U(1)).

Definition. The group Pic?(X) is a torus of the same dimension of X and is called the dual complex
torus of X. We will also denote it by X.

Remark. The name “dual torus” comes from the fact that T* € V' is actually the dual latticeof ' C V,
referring to the notation of Proposition 8.14. This leads to

X=X

We would like to establish a formal relation between X and X. Recall that an isogeny is a map
between complex tori that is a surjective morphism with finite kernel. The cadinality of the kernel is
the degree of the isogeny. We notice thatif u: X — Yisaisogeny (in particular a group morphism) the
kernel is a finite subgroup of X, hence there exists an integer number n > 0 such that n(keru) = {0}.
This implies that the morphism of multiplication by #, namely n: Y — Y factorisesinn: Y S5X5Y
where v is an isogeny. From here follows the proof that “to be isogenic” is an equivalence relation
(see Proposition 1.4).

In the following theorem we will prove that there is an isogeny between X and X.

Theorem 9.8. Let X be a complex torus and L = L(H, ) a line bundle over X. The morphism

(pL:X—>X

x> L L™

49



does not depend by anything else but c1(L). Its kernel, denoted by K(L), is a disjoint union of subtori of X of
the same dimension of ker w. If L is not degenerate, @y, is an isogeny of degree pf(w)?, where w is the bilinear
alternating form associated to H, i.e. w = imH.

Proof. Let w be a representative for ¢1(L) and x € X. We will denote ¥ a point in 7~(x) C V. For the
Lemma 8.9, ¢ (x) is the class of the line bundle L(0, ¢>™(*)). Hence ¢} is a group morphism thanks
to the Theorem of the Square, has values in X and it depens only by w = c1(L).
Moreover

KL)y={xeX|w(y,¥)eZ Vy €T}

is the finite union of tranlsations of kerw C X. Notice that is well defined because if we pick a

different £ € 77!(x) it means that ¥ = £ + § and w(y, ) € Z. In order to prove that they are subtori,
we recall that, since w is non degenerate, there exist a basis of I such that the matrix of w has the form

5

where A is a diagonal matrix with entries dy, ..., d; which depend only by w. The group K(L) is then
the image in V//T of (y1/d1,...,y¢/dg, Ve+1/d1, ..., y2¢/d¢)z C T and hence isomorphic to (Z/d1Z X
-+ X Z/d4Z)* thus of cardinality (d; - - - dg)* = pf(w)?. |

Lemma 9.9. If X = V/T and X = V*/T, the analytic representation of ¢y is
pu: VoV
v+ H(v,-)

Proof. Direct consequence of Prop 8.9. m]
Corollary 9.10. The following hold:

(1) prem = @L + @m forall L, M € Pic(X).

(2) @L = QL under the identification X=x
Proof. It follows from the definition of ¢y.. O

In the previous theorem we defined K(L) as the kernel of ¢r. In order to describe this object, define
IL)y={veV]|wkI) cZ}.

Obviously I'(L) = (pl‘{l(l"*), and hence
K(L) =T (L)/T.

It has the following properties.
Proposition 9.11. For any line bundle L on X
(1) K(L® P) = K(L) forall P € Pic’(X).

(2) K(L) = X ifand only if L € Pic%(X).
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(3) K(L") = n)_(lK(L)for any n € Z.
(4) K(L) = nxK(L") foranyn € Z,n # 0.

Proof. (1) and (2) follow from the fact that ¢1(L) = 0 if and only if L € Pic(X). We conclude by the
remark to Lemma 8.9. (3) and (4) are a consequence of the fact that L(H, «)®" = L(nH, a") and thus
I(L)={v eV |ImH(mno,T)CZ} ={iveV|vel(L)} o

Let us give the following

Definition. A line bundle L over X is non degenerate if his alternating form w = imH = ¢1(L) is non
degenerate.

The non degeneracy of L is strictly connected with K(L).
Proposition 9.12. A line bundle L is non degenerate if and only if K(L) is finite.

Let us introduce a bilinear alternating form

el K(L)x K(L) — C*
(x, ]/) —s eZm’w(f,y)
Proposition 9.13. el is non degenerate if and only if L is non degenerate.

Proof. If L is non degenerate, @ # 0 and let us consider K, the soubgroup of K(L) spanned by the
images of y1/d1,...,y¢/dg and Kz by ygi1/d1, ..., y2¢/dg. It holds that K(L) = K1 ® K> and K; is an
isotropic subspace with respect to e and hence it induces an isomorphism K; = K} and thus it is non
degenerate.

If L is degenerate, the kernel of ¢p is different from {0} and its image in X is contained in the kernel
of el. O

9.3 The Riemann-Roch Theorem

In the previous sections we occasionally talked about projectivity of complex tori and we discovered
it is strictly related to the existence of an integer Kdhler form. Actually projectivity of a compact
complex manifold is also related to the existence of very ample line bundles. We will define what
very ample line bundle is in the following sections, but it is important to know that it is characterised
by having a lot of global sections. We will present now the Riemann-Roch theorem: a powerful tool
that will allow us to relate the Kéhler form associated with a line bundle with the number of its
global sections. Remark that, as we saw in Proposition 8.6, it is equivalent to count the number of
theta functions of the same type of the bundle.

Let L a line bundle and V = W & iW a decomposition of maximal isotropic subspaces for w =
ImH = c1(L). The Hermitian form H is real on W X W since its imaginary part is null there, hence it
extends to a C-linear symmetric form B on the whole V x V.

Lemma 9.14. If holds that

0 ifxeW
(H-B)(x,y) = { , ,
2iwv(x,y) ifyeW
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Proof. We know that H—B = 0on W X W, hence if x € W and H — B is C-linear on the second variable
we have that

(H - B)(x,y) = (H - B)(x,w1 +iwz) = (H — B)(x,w1) + i(H — B)(x, wz) =0
as desired. Moreover if y € W:
(H - B)(x,y) = (H - B)(y,x) = (H - H)(y, x) = “2iw(y, x) = 2iw(x, y).
O

Theorem 9.15 (Riemann-Roch). Let X be a complex torus and L a line bundle whose first Chern class is
definite positive. It holds that
dimH*(X, L) = pf(c1(L)) > 0

Proof. Thanks to Appel-Humbert theorem it suffices to prove it in the case L = L(H, a). We can then
rephrase the thesis and compute the dimension of the vector space of holomorphic functions 6 on V
satisfying

0(z + ) = a(y)e™0ATEHID(z).

We remark that it suffices to prove it on the basis (y1, ..., yzg) of T"as in 9.1. This allows us to take
the homomorphism given by the restriction of a toI” = ()1, ..., y¢). Therefore there exists a C-linear
form I on V such that a(y) = e?™0) for all y € T”. Let us define

é(z) — e_%B(Z'Z)_Zde(Z)Q(z)_
It is a theta function of the same type as 0 and verifies

O(z +y) = a(y)e 20 H=-B)y, 2+ 3H=-B).) §(7),

It is hence I"-periodic and hence we can consider its Fourier series expansion

0(z) = Z c(m)ezmzmkzk,

mezZs8

where z = Z‘zzl zryk, with zq, ..., z; € C. Moreover it verifies
O(z + yguj) = bje™ TP D0(z),
where bj = a(yq+ j)e‘Zi”l(VS’+f )e(H=B)(g+j.Vs+) is a non null constant. The previous lemma ensure us that
(H = B)(yg+j,2) = ) 2k(H = B)(yguj, yi) = =2id;z;.
k

One has g, = Zi:l Z—:Tkj, and hence z + yg.j = Zizl (%{] + zk)yk. Putting together this results one
gets

Z C(m)ezm'(zk mk(de]‘*'Zk)) _ bj Z C(m)EZm’(Zk myzg—d;z;)

mezs8 mezZs8

forall z4,...,zg € C. It follows that, for the uniqueness of the Fourier expansion,

. m
2mi(Y g T:Tki

c(m)e ) = bic(m +djej)
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forallm € Z% and j € {1,...,g}, where €; is the zero vector with a one in the coordinate j. This
shows that the coefficients c(), and hence 6, are determined by those for which 0 < m; < d; for all

j. In particular:
dimH(X,L) < dy -+ -dg = pf(@).

Conversely, if are given complex numbers c(m) such that 0 < m; < d; for all j, we can define the
coefficients c(m) for all m by the relation

. m
2mi (Y ,T:Tkj)

c(m)e =bjc(m + djej).

By recurrence one verify that
ﬂT]-k+o(m)

2i i
P
Zij a7

le(m)| < |e

and hence the Fourier series converges, since Imt is definite positive. Therefore we get a theta func-
tion and hence a section of L. ]

We gave a proof just for the case ci(L) is definite positive. This is the most interesting case for
us because it includes the case where ci(L) is an integer Kahler form. Anyway there is a more com-
plete version of this theorem that, other than consider not only the positive definite case, uses all
cohomology groups.

Theorem 9.16 (Riemann-Roch, extended version). Let L be a line bundle on X, whose Hermitian form
associated with the first Chern class w has s negative eigenvalues. Then

8
x(L) = Y (D dimHI(X, L) = (-1)'pf (@)

j=0

Proof. See (BL),Theorem 3.6.1. O
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10 Abelian Varieties

Abelian varieties are those complex tori which admit an embedding in a projective space (we say they
are projective). We have already seen in Section 5 that a necessary condition to be projective is to have
an integer Kdhler form, indeed any projective manifold admits an integer Kidhler form given by the
restriction of the Fubini-Study form of P". In Section 9.1 we proved the Riemann Conditions for the
existence of an integer Kihler form on a complex torus.

In this chapter we will see an another way to establish if a torus is projective using the notion of very
ample line bundles and the Kodaira embedding theorem.

10.1 Line Bundles on the Projective Space

Before going on with complex tori we should study line bundles on the projective space. Let W be
a complex vector space. The most ndive idea to build a line bundle q: L — PW is to glue on each
x € PW theline [, = (x) C W:

L={(x,v) e PWXW |vel}.

If {U,} is the standard cover for PW with respect to the canonical basis 8 of W, we can build a
trivializing athlas and its transition maps. Set ¢ : 471 (U,) — U, X C defined by ,(x,v) = (x,0,),
where v, € C is the a-th coordinate of the vector v with respect to the basis 8. Notice that it is well
defined because x € U, implies x, # 0 and by our construction v, = ux, for some u € C.

In U, N Up we have, for a generic A € C,

Va olpgl(x,/\) = lf)a(x, j_ﬁx) _ (x,AXa)

%

and hence g,p(x) = ’;—Z € GL(1, C). We denote this line bundle by &y (—1) and by Opw (1) its dual line
bundle.

Definition. For all positive integers k we set
Oew (k) := Opw(1)®*  and  Opi(=k) = Opw(-1)%".
Proposition 10.1. All line bundles over PW are of this type, hence Pic(PW) = Z.

Proposition 10.2. The vector space of section of Opy (k) is null for all k < 0 and it is isomorphic to the vector
space of homogeneous polynomial of degree k for k > 0. In particular the space of section of Opw (1) = W*.

Proof. See ( ), Proposition 2.4.1. m]

Let us come back to complex tori. We would like to study the first Chern class of Opy(-1). As
in Proposition 8.12 we have to define a metric and a section. Let us set on the fibre I, the metric
[lo|)> = Z}Ll v;0j, and the local section s,: Uy — Ua X C, s4(x) = x/x,. Hence c1(Opw (1)) is
represented by

1 5 2_ 1 55 2 1 5 — 2. 1 53 2
Zin&’alogﬂx/xall = 2m&z?logllxll Zinz?alogﬂxaxall = 21,7_[(91910g||x||

that is exactly —wrs, thus
[wrs] = —c1(Opw (1)) = c1(Tpw (1)).
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It is instructive to see how the following diagram appears for the compact complex manifold P":
0 — HYZ) — HYO) \
0 — H%6") — HYM") — Div(P") —23 Pic(P") — H'(M*) —> ...

Z-|wps] — ...

In conclusion, there is an injective map Pic(P") — H?(P", Z) that, for dimensional reasons, is also
surjective and hence
Pic(P") = Z- Opwy(-1)

and proving Proposition 10.1.

10.2 Projectivity, Ample Line Bundles and Sections

In this section we would like to study when there exists a holomorphic embedding from a complex
torus to a projective space. Theorem 5.2 gives us one condition related to Kdhler geometry, now we
are interested in something that involves line bundles and their sections.

Let u: X — PW a holomorphic function from a torus to a projective space. We want someway
to relate it to line bundles. In fact this map allows us to consider on X the pull-back line bundle
L = u*Opw(1) and it induces a linear application between vector spaces of sections

F(U): W = F(PW/ ﬁPW(l)) - r(X/ L)
where the isomorphism W* = I'(PW, 0pw (1)) holds thanks to Proposition 10.2.
X ——— PW

T(u)(s) ﬁT Tis

L=u(0(1) <— 0(1)

Therefore a section s of Opw /(1) is a linear function and hence it vanishes on a hyperplane. It implies
that its image under I'(«) is null if and only if u(X) is contained in this hyperplane. Thus, if u(X) is
not contained in any hyperplane, I'(1) is an injective function.

We can make a further step: we can pull-back the Kdhler form u*wrs on X and, since [wrs] =
c1(Opw (1)) and Chern classes behave well with pull-backs, it is the first Chern class of L = u*Opw(1).
By the Appel-Humbert theorem L is a line bundle of the form L(H, ), and hence [1*wrs] = [imH] is
an integer Kihler form on X.

Up to now we have seen how to build a line bundle starting from a holomorphic map u: X — PW.
On the contrary, if we have a line bundle L — X we can consider the (finite dimensional) vector space
of sections A :=I'(X, L) of basis (s1, ..., sr) and we can define a meromorphic map onto a projective
space

Vi X — PA

X = (s1(x) -1 sp(x))
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Thanks to Proposition 8.6 and by the fact that T'(X, L) = H%(X, L), we can say

Y;: X — PA
x> (61(%) -1 0,(%))

where 71(¥) = x and 0; are theta functions of the same type of L. We wonder which properties L must
have to make this map holomorphic or an embedding. First of all we notice it is not well defined in
points x € X such that all sections vanishes.

Definition. Let L be a line bundle on X. A point x € X is a base point of L if s(x) = 0 for all section
s € H(X, L). We denote by Bs(L) the set of all base points of L.

Remark. If we choose a basis (s1,...,s;), Bs(L) = Z(s1) N --- N Z(s,) is an analytic subvariety of X.

Remark. Let us denote by |L| € Div(X) the set of all effective divisors defined as zero set of holo-
morphic sections of L, that is the image of the map PT'(X, L) — Div(X). Hence W, is not defined in
x € X if and only if x is contained in every divisor in |L|. In fact Bs(L) coincides with the intersection
of all divisors in |L|.

Proposition 10.3. The following map is well defined and holomorphic.

W, : X\Bs(L) > PA
x > (61(%) : -+ 1 6,(%))

Proof. See ( ), Proposition 2.3.26. O

When W is holomorphic, we can apply Proposition 7.11 to say that w = ImH is an integer Kahler
form on X.
The most incredible fact is that this two constructions are one the inverse of the other in the sense
that, if we apply the previous construction to the map V¥, we get the line bundle L, i.e.

L=W¥;(0(1)) and [w]=[V]wrs]

We want now Wr, to be an embedding. Recall that any map u: X — P” fits in a commutative
diagram

1% _ﬁ> cn+l \ {0}
| [

X —2— pr
and u is holomorphic if and only if 7 is. Moreover we can add the fact that & = (6o, ..., 6,). For u to
be an embedding it suffices that it is injective and the following matrix has maximal rank g +1 for all
z (implicit function theorem).

0 2(z) ... 3765(2)

: 1)

a0 20,
Qn a—Z;’(Z) . 5;(2)

Hence it is clear that we have to study relations between line bundles and theta functions.
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Corollary 10.4 (to the Theorem of the Square). If 0 is a normalized theta function associated with L =
L(H,a)and ay, ..., a, are points of V such that ), a; = 0, the function

z 0(z+ay)---0(z+ay)
is a normalized theta function associated with the line bundles L" := L®".
Proof. Since it holds that 0 o 7,(z) = 6(z + a) = O(z)e?m®(:),
O(z +a1)---0(z +a,) = O(z) 2L = g(z) 2@ L) = g(z)

It is now clear that it is a theta function of type (rH, a”). Moreover, thanks to the theorem of the
square,

L=t L=t} aL=T) ye LOT,LOL = =20 LT, L® - ®T, LRL

We can now prove the most important theorem of this section.
Theorem 10.5 (Lefschetz). Let X be a complex torus and L a line bundle over X.

(1) If L has a non null section, the application Wrr defines a holomorphic function from X to a projective
space forall r > 2.

(2) If the first Chern class of L is definite positive, the application Wi defines an embedding from X to a
projective space for all r > 3.

We will give a straightforward proof without the help of Proposition 10.3.

Proof. The main ingredient of the proof is the Theorem of the Square (8.10).
(1) Let 0 a normalized theta function corresponding to a non null section of L. If » > 2 there exists for
every zg € V a point a € V such that the quantity

O(zg —a)0(zg + (r — 1a)
is not null. Thanks to the previous corollary, the function
z+ 0(z-a)"'0(z + (r — 1)a)

corresponds to a section of L" that is not null in z, hence for every point in V there is at least one
section non vanishing there and that is equivalent to say that the map W, is everywhere well defined
and holomorphic.

(2) If c1(L) is positive definite, Riemann-Roch Theorem ensures us the existence of a non null section
and hence for (1) we know that W is holomorphic. Let us denote by 6 the theta function associated
with this section. Let (6y,...,0,) a basis for H'(X, L") and zg a point in V. The proof goes on by
contradiction to 1: let us suppose that there exist complex numbers Ay, ..., A¢ such that for all j €

{0,...,n}

A00;(z0) Zg"A %% (z9) = 0
0 ]‘Z() + r=—(z0) = 0.
P 8zk
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For the theorem of the square, the function
Oap(z) = 0(z —a) "20(z — b)O(z + (r —2)a + b)

is a normalized theta function corresponding to a section of L" for all 4 and b in V. Thus it is a linear
combination of 6; and hence

- agub
AoOun(z0) + ) Ak (20) = 0.
k=1

The relation

& ol
0@ = Y M)
k=1

defines a meromorphic function on V' that verifies
(r =2)Y(zo = a) + P(zo = b) + P(zo + (r —2)a + b) = Ag

for all 2 and b in V. If we fix ag, there always exists a b such that 6(zo — b)0(zg + (r —2)ap + b) # 0 and
hence the functions a — (zg — b) and a — (zo + (r — 2)a + b) are holomorphic in a neighbourhood
of ag. If r > 3, ¢ is holomorphic in a neighbourhood of zg — a9 and hence holomorphic on V since ag
was an arbitrary point. It holds that

Y(z +7y) =nH(y,A) +(z)

where H is the Hermitian form associated with c1(L) and A = (A1,...,4¢) € V. It follows that
partial derivatives of 1 are I'-periodic and hence constant, thus ¢ is an affine function. Moreover
¥(y)—¢(0) = nH(y, A) and hence they are R-linear and ¢(z) —1(0) = nH(z, A). This is a contradiction
since the RHS is C-antilinear and the LHS is C-linear, hence H(z,A) = 0 for all z and, since ¢1(L) is
non degenerate, it implies A = 0. o

Definition. A line bundle L over X is very ample if the morphism W} is an embedding.
Definition. A line bundle L over X is ample if there exist an integer r > 0 such that L" is very ample.
Definition. We say that a line bundle is positive if its first Chern class is definite positive.

Lefschetz theorem provides a proof of the Kodaira embedding theorem in the case of complex
tori.

Theorem 10.6 (Kodaira). Let X be a compact Kihler manifold and L a holomorphic line bundle on X. Then
L is positive if and only if it is ample.

We will go through the proof in the simpler case in which X is a complex torus.
Proof. If X is a complex torus we have seen that positive implies ample in Lefschetz theorem. The
converse is also true because if L is ample, then X is a subvariety of P" via the map W; for some
r > 0. Hence (W1r)'wrs = w is the first chern class of L" and it concludes the proof since ci(L") =

r - c1(L). Therefore they represent the same cohomology class and positivity is preserved by the
cohomology. m]
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In conclusion, we have two ways to establish whenever a complex torus is projective: we can look
at its integer Kédhler forms or we can look at ample line bundles. As expected, the links between these
two approaches are the Riemann-Roch theorem, the Lefschetz theorem and the Kodaira embedding
theorem.

In fact, roughly speaking, if a line bundle L" induces an embedding we say by definition that L is
ample, then it is positive by Kodaira theorem and so, by definition, its first class is definite positive
and hence an integer Kéhler form (we recall that by construction the form c1(L) is integer for any L).

On the contrary if L induces an integer Kahler form, it is positive and by Riemann-Roch it has at least
a global non null section. It may happen that the space of section (that has dimension p f (w)) is too
small to allow the torus to be embedded in, but, since c¢1(L") = rc1(L), it implies that pf(c1(L")) =
pf(rci(L)) = r8pf(c1(L)) and, by Riemann-Roch again, the bundle L has now ”“enough” sections to
allow W} to be the embedding.

We can rephrase what we have said in terms of the notation of the Riemann Conditions theorem: if L
is ample and wr = c1(L), there exist positive integers d1|...|d ¢ such that the matrix associated with
wr is as in Proposition 9.1. Since w, is definite positive, d; > 1 and it is the minimum possible value
by construction. We notice that taking L" implies that all d; becomes d! and hence the number of
sections grow by Riemann-Roch. Actually one can prove without passing by sections that, if di > 2,
the map Wy is holomorphic and, if d; > 3, the map W} is an embedding (Proposition 4.1.5 and 4.5.1
(BL)).

Finally let us notice that up to now we stated that to be projective implies to admit an integer Ké&hler
form. Now we can say that the converse is also true because an integer Kéhler form, since the map ¢;
is surjective, is associated with a non degenerate positive line bundle and thus an ample line bundle
thanks to Kodaira Theorem.

10.3 Polarized Abelian Varieties
Definition. An abelian variety is a complex torus that is a subvariety of P for some 7.

It means that a complex torus is an abelian variety if and only if it admits an ample line bundle or,
equivalently, it admits an integer Kahler form. Let us recall that this concepts are very related because
if L is ample, hence c1(L) is an integer K&hler form.

Definition. A polarization on an abelian variety is an integer Kahler form. A polarized abelian vari-
ety is the couple (X, w) where X is an abelian variety and w is a polarization.

When we work on polarized abelian variety we will denote the morphism ¢ : X — X, its kernel
K(L) and the form el by, rispectively, ¢, K(w) and e since they depends only by the polarization.

An important case of polarization occurs when pf(w) = 1, i.e. exactly when all d; = 1. In this
case we call (X, w) principally polarized abelian variety and thanks to Proposition 9.8 the map ¢, is
an isomorphism since ker ¢, has cadinality equal to one, that is it contains just the zero. Moreover
if L is a line bundle such that ¢1(L) = w, Riemann-Roch theorem ensure that the vector space of
holomorphic section has dimension 1 and then |L| (the set of effective divisors associated with non
null holomorphic sections of L) is composed by a unique element that we denote by ©. Principally
polarized abelian variety are very important thanks to this following result.
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Proposition 10.7. Any abelian variety is isogenic to a principally polarized abelian variety. More precisely, for
any ample line bundle L on X there exist an abelian variety Y, a line bundle M defining a principal polarization
onY and a isogeny u: X — Y such that L = u*M.

Proof. Let X = V/T an abelian variety and w a polarization. Let us consider ()1, ..., y2¢) the basis for
I'in which the matrix of w is as in Proposition 9.1. Let I" the lattice generated by (y1/d1, ..., v¢/dg, Vg+1,- -, V2g)-
The form w is hence integer and unimodular on I and thus it defines a principal polarization on the
torus Y = V/I”. The canonical surjection u: X — Y is an isogeny. Let L be a line bundle over
X with ¢1(L) = w and M be a line bundle over Y with ¢;(M) = w. The line bundles L and u*M
have the same first Chern class and hence they belong to the same Picf(X). By Proposition 9.4
L=tu'M= u*T;(x)M and that concludes the proof. ]

Even if the general complex torus is not a projective variety, the study of abelian variety is impor-
tant because we can associate to every complex torus X an abelian variety Xgy,.

Proposition 10.8. Let X be a complex torus. There exists a complex torus X,y (called the abelianization of X)
and a holomorphic surjection p: X — Xgp such that:

(1) There exists an integer Kihler form on Xgyp, i.e. Xqp is an abelian variety.

(2) Every holomorphic function from X to a projective space factorises by p.

(3) p induces an isomorphism between the fields of meromorphic functions M(Xap) and M(X).
(4) p induces an isomorphism between the groups Div(X,p) and Div(X).

Proof. Let N be the intersection of the kernels of all Riemann forms on X. There exists a finite num-
ber of theta functions 04, ..., 0, such that N = kerw; N --- N ker w,. Since w; are positive forms,
N = ker(wy + -+ + w,) and w1 + - - - + w, is the form associated with the theta function 60 - - - 0,. We
define V;; := V/N and, as we proved in Proposition 7.7, the image I';; of I' in Vyy, is still a lattice and
we can define the torus X, = Vi /Tap.

(1) The form w := w1 + - - - + w;, is still integer on X, and is clearly non degenerate, so it is an integer
Kéhler form.

(2) Thanks to Proposition 7.11, any holomorphic map u: X — P" is made by normalized theta func-
tion of the same type, hence having the same Riemann form w. By construction, N C ker w and u
factorises by the quotient p: X — X, in the sense that there exists a holomorphic function i such
that the following diagram commutes

u

T

X T Xgy — P

(3) We know that any meromorphic function f is quotient of two normalized theta function of the
same type. Again by Proposition 7.7 we have that any such theta function comes from X,y,.

By the same reason (4) holds. In fact any divisor is difference of two effective divisors and any effec-
tive divisor is the divisor associated with a theta function. m]

We take advantage of this proposition to make a digression about the meromorphic function field
on an abelian variety and on a general complex torus.
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Proposition 10.9. Any line bundle on an abelian variety has a non null meromorphic section

Proof. Let X be an abelian variety, L be a line bundle and M be an ample line bundle over X. Thanks
to Riemann-Roch theorem, M has a non null section s. For m € Z big enough, c1(L ® M™) is positive
definite and hence it has a non null section ¢. The section f/s™ is a non null meromorphic section of
L m]

Proposition 10.10. The meromorphic function field of an abelian variety of dimension g is a finite extension
of C with transcendence degree equal to g.

Proof. See (Deb) Theorem 7.2. O
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11 Digression: The ”Very General” Complex Torus

In the previous section we gave a motivation to study abelian varieties but the great majority of
complex tori is not projective. In this chapter we study their weird properties and we will gradually
see how the “general” complex torus is different from an abelian variety. We call them ”general”
complex tori because we will show that complex tori with these following properties are a dense
subset in the set of all complex tori. To formalise this, we classify tori by classifying the lattices: we
parametrize them by the dense open set U = GL(2g,R) C R, We denote by ' the lattice that has
for basis the columns of the matrix M € U. Let us notice that up to now we are considering the data
of a lattice with a basis.

We will find that all good properties of abelian varieties are encoded in a “small” subsets of
GL(2g,R), more precisely in the intersection of this space with a countable union of hypersurfaces
of R’ Anyway this result does not surprise us: it is quite natural to imagine that the existence of an
integer Kdhler form arises from a particular interaction between the lattice and the vector space.

During this section we will use the following lemma.

Lemma 11.1. Let V be a vector space and (Z,), a countable set of proper algebraic hypersurfaces. Then the
set of all vectors that do not belong to \ J,, Z,, is densein V.

Proof. For all n, the set V'\ Z, is open and dense. Moreover V \ (U, Z,) = ,,(V \ Z,) and this second
set is certainly dense even if it may not be open. m|

Theorem 11.2. There exist a countable family (Z,), of real algebraic hypersurfaces of R4 such that for all
matrices M € U\, Zy the only complex subtoriof X = V [T'ps are {0} and X. We say that a general complex
torus is simple.

Proof. Let us notice that Y is a subtorus of X of dimension k < g if and only if there exists a complex
subspace W C V of complex dimension k such thatI” := W NT is a lattice for W and Y = W/IT”. In
other words complex subtori of dimension k are in correspondence with complex vector subspaces
generated by k vectors in I'. In particular it happens when, givenny,...,n¢ €T,

rank(m‘...‘nk|]m|...|]7]k)=k

where | is the complex structure of V, that is the span of the 7; is closed under the action of the
complex structure of V.
Let M be the matrix whose columns form a basis for a lattice I":

M= ()/1 ’ .. .|y2g) € GL(2g,R).

Let us consider k vectors 11, . .., i that are integer linear combination of the columns of M (and then
elements of I'). This set of vectors generates a subtorus of X if and only if the rank as above is equal
to k. To check it we consider the sum of the square of all k X k minors and we want it to be zero, i.e.
we want all minors to vanish. We denote by Z, x the algebraic hypersurface of R*¢ ’ given by the zero
locus of this polynomial equation. It is clear that varying the vectors, i.e. taking others 17}, ..., 1, €T
we get an another algebraic hypersurface. Since we do not want X to have subtori of any dimension
we must consider M € U \ U, x Z,, x and by the construction we gave the set of all Z,, x is clearly
countable.

(]
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This shows that to admit subtori is a very special and rare feature. We can try to figure out why
it happens noting that, for example, the complex vector space C? allows as vector subspaces only
complex lines, while the real subspaces of dimension 2 of R* are many more. Indeed if (z = x +iy, w =
& + in) are the coordinates of C?, the complex lines are of the form

Mx = Aoy + & —ppn =0

Az+pw =0 &
A1y+)\2x+y1n+y2£=0

that clearly do not parametrize all 2-dimensional real vector spaces of R*.
We now pass to the most important question: the great majority of complex tori is not projective.
To show this we will show that on a dense set of complex tori, integer Kidhler forms are not allowed.

Theorem 11.3. For all matrices M € U \ \J,, Z,, all R-bilinear alternating forms integer on I'p of type (1,1)
are null.

Proof. STEP 1: We want to study, given a vector space V and a linear subspace Z = {v € V | F(v) = 0}
for some linear form F, how many lattices of V' do not intersect Z.

Let us consider the lattice I'yy parametrized by the matrix M € GL(2¢,R) and denote by y; the j-th
column of M. We define the linear subspaces

28

2
Ziay, i) = {M €R® | Fay,...a0) (M) := Z axF(yi) = 0}
k=1

.....

exactly those lattices that intersects Z. We can then apply the lemma to say that a dense set of lattice
does not intersect Z.

STEP 2: Let us now consider the vector space V of the real 2-forms on R?8, represented by antisym-
metric matrices. Let Z be the linear subspace of V composed by (1,1) forms. We have to build a
lattice in V that parametrises integer forms on the lattice I'y; in order to fit into the Step 1. Since
M € GL(2g,R), we can consider the matrix ‘M~ that represent the dual lattice I,- We recall that
an element in y* € I’} is a linear form integer on I'y;, indeed y* = Zii | MkYy, where my € Z and
V¢ (j) = Okj. We can then consider the lattice AZF*M generated by the vectors )7 A 7/}* . We are now in
the situation of the first step and it concludes the proof. O

Remark. If one is interested in an explicit description of V and Z appearing in the Step 2 of the proof
we can notice that V is generated by the vectors {e! Ae/ for 1 <i <j <2g}and Z is the linear subset
givenby Z = {a € V | @ — Ja = 0} where ] is the complex structure induced on V by the complex
structure of R?¢ as in Lemma 3.2. We thus have to write the vectors y; A 7/; with respect to this basis:

* * tag—-1 i i
YNV = E (‘M )klij et Nel.
1<i<j<2g

where (*M™1)y;; is the determinant of the 2x2 matrix removing all rows except the i-th and the j-th
and all columns except the k-th and the [-th. Therefore we have that, for a;; € Z, the equation defining
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Z becomes

0= (Zaklﬁ/\ﬁ)—](zﬂklﬁ/\y;) -

A k,1

k
= Y au(yi Avi =107 A0 =

K
t -1 1 i t -1 i i
=Zak1( Z ("M uije' Nel =] Z (‘M )klijel/\ej):
K 1<i<j<2g 1<i<j<2g

axl Z ("M gaij [Ei Nel =T(e' A €j)]~

k1 1<i<j<2g
That has solution exactly when the 2x2 minors of M~! are linearly dependent over Z.

This last theorem shows us that for such tori NS(X) = {0} and hence Pic(X) = Pic%(X). An an-
other interesting consequence of this fact is that c1(L) = 0 for every line bundle and hence necessarily
dimkerw = g, K(L) = X and ¢ = 0.

Corollary 11.4. The general complex torus of dimension g > 1 is not projective.

Proof. 1t is an easy consequence of the previous result and Theorem 5.2. Indeed a projective torus has
an integer Kédhler form given by the pullback of the Fubini-Study form and the pullback preserves its
properties. O

General complex tori are hence an example of compact Kidhler manifolds that are not projective.

Proposition 11.5. For a general complex torus of dimension g > 1 all theta function are trivial and all
meromorphic functions are constant.

Proof. Thanks to Proposition 7.2 we know that we can associate to any theta function a (1, 1)- form
in A2T* N AV'V* and we know that this set is zero for the general complex torus, hence we have
that w = 0 for all theta functions. We conclude thanks to Proposition 7.3. Since we know that any
meromorphic function is quotient of two theta functions, they are actually holomorphic (since trivial
theta functions never vanish) and thus constant. O

Notice that this shows that the field of meromorphic function of a general complex torus is C itself.

In the end of this section we try to put together all these results in order to point out the strange
geometry of general complex tori studying divisors and sections of line bundles.

Will be useful to recall the notion of abelianisation: following the notation of Proposition 10.8, if
X is a complex torus we have tree possibilities:

(1) X = Xap
(2) X # Xy and X # {0}
(3) Xap = {0}

Where the case (1) means X is an abelian variety. Let us study more precisely the case (3). We
discovered that if X,; = {0} we have that:
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e All theta functions are trivial.
* All meromorphic functions are constant, i.e. M(X) = C.

¢ The following three equivalent properties hold

NS(X)=0, Pic(X)=Pic%(X), ¢1=0

11.1 Divisors

We can put all these information in the exact sequences we studied in the previous chapter and we

get:
0 > Hl(Z) > C \#

0 y C s C 5 0  Div(X) <23 Pic%(X) —> HY(M") —> ...

H*(Z) —— ...

Hence ker @ = {0} that means there are not principal divisors. We can say more:

Proposition 11.6. If X is a complex torus such that X,, = {0},
Div(X) = H'(X, M*/6*) = {0}
Proof. 1t is an obvious consequence of Proposition 10.8 (4). m]

Remark. If the reader is interested in an alternative and more direct proof one can recall that any
divisor is difference of two effective divisors and any effective divisors are divisors associated with a
theta function. Therefore, since all theta functions on X are trivial, the thesis follows.

11.2 Sections of Line Bundles

On general complex tori both holomorphic and meromorphic functions are constant. We would
like to pull out some information in studying sections of line bundles. However we already know,
thanks to Kodaira embedding theorem, that on such tori positive line bundles cannot exist, and hence
Riemann-Roch theorem can not be used to study holomorphic sections. We will start to study what
happens to section on those general tori whose abelianization X;;, is not trivial. To do so we have to
generalise our results for positive semidefinite line bundles. Indeed, if X, # {0}, we will see in the
next lemma that always there exists a positive semidefinite line bundle on X, because X, is projec-
tive and hence it allows a positive line bundle. Its pullback via the projection p: X — X, is the line
bundle desired.

Lemma 11.7. Let L be a line bundle on X and denote by p: X — X,y the natural quotient projection. There
exist a line bundle Ly on Xap with L = p*Lyy if and only if Lik(r) is trivial. If Lay exists, it is nondegenerate
and dimH®(X,L) = dimH*(X,p, Lap).
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Proof. By definition X, = V43 /Tp. The line bundle L(H, ) descends to X,p, if H descends to V,; and

a to I'yp, but this is the case if and only if Hir) = 0 and ajr)nr = 1, i.e. Ljk(z) is trivial.

If Lk(r) is trivial, L,y is nondegenerate by construction and certainly dimH (X, L) > dimH"(X,p, Lap).

The equality holds because otherwise L would admit a section whose restriction to K(L) is non trivial.
O

Definition. If w is an non null alternating semidefinite form, we denote by Pfr(w) its reduced pfaffian
it is of the form

Pfr(w) = ﬁ d,
v=1

where dq|d,| ... |ds and for v > s, d,, = 0 are the positive integers as in Proposition 9.1.

Theorem 11.8. For a positive semidefinite line bundle L = L(H, o) on X it holds that:

Pfr(w) ifL is trivial
dimbO(x, 1) = { 7@ Fliko
0 if Lik) is nontrivial

Proof. Let us suppose that L is trivial on K(L). By the previous lemma, it descends to a non degenerate
line bundle L,j, on X, with dimH(X, L) = dimH%(X,p, Lay). Let us denote by wgp the form associated
with it. By construction P f(w,») = Pfr(w) and hence by Riemann-Roch, dimH%(X,L) = Pfr(w) as
desired.

Let us now suppose L is not trivial on K(L), i.e. & restricts to a non trivial character on I'(L) NT. Let 6
be a canonical theta function of L. For any w € V the function t;,0 is holomorphic on V and satisfies

tp0(v +y) = a(y)t,0(v)

forall y e I(L)NT and v € I'(L). Therefore ¢;,6 is bounded and hence constant. Moreover since « is
not trivial, there exists a y such that a()p) # 1 and hence t;,6 = 0 on I'(L). In particular 8(w) = 0 and
hence 6 = 0. O

We now wonder about what happens in the case X, is trivial. The previous approaches may be

dangerous because in this case we have X,; = {0} and K(L) = X. Anyway we recall that Proposition
8.6 establishes a bijective correspondence between sections of L = L(H, &) and normalized theta func-
tions of type (H, a). First of all let us notice that in this case Pic(X) = Pic(X) and hence H = 0 for all
L. Therefore all theta functions are trivial and it means that the space of normalized theta function of
type (0, @) is composed by just one function. This implies that the vector space of sections of the line
bundle has dimension 0 because it is composed only by the null section corresponding to the trivial
theta function.
What about meromorphic sections? Proposition 8.3 says that a line bundle L admits a non trivial
meromorphic section if and only if L = &x(D) for some divisor D modulo principal divisor. In
fact, if D = (Ug, hy) with h, meromorphic, it turns out that () is a section of Ox(D). In our case
Div(X) = {0} and hence no line bundle admits a meromorphic section.
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12 Moduli Space

In analogy with the one dimensional case the moduli space of all complex tori up to isomorphism is
given by the quotient
GL(g,C©)\GL(2g,R)/GL(2g, Z).

Unfortunately, unlike the one dimensional case, this space is not Hausdorff and hence it is not a
topological manifold. We will thus reduce the set of complex tori whose we would like to study
isomorphism classes. We will see through this section that the moduli space of polarized abelian
varieties of the same type is an analytic manifold.

12.1 When are Abelian Varieties of the same Type Isomorphic?

Let X = V/T be a complex torus and w a polarization on X. We know that there exists a basis of T,
namely ()1, ..., )2g), in which the integer matrix associated with w is

d

0 A where A=
-A 0

dg

A = (dy,...,dg) is the type of the polarization and we will say it is the type of the polarized abelian
variety (X, w).
Before going on let us make a recap about all the complex and real basis we are going to use:

A
* The Z-basis Z = (y1,...,)2¢) of I in which @ has the form ( OA 0).

* The real basis 8 = (y1,...,7g,e1,...,eg) of the vector space V, with e; = y¢4;/d; in which w

has the form 0 Ig.
I 0

* The complex basis C = (e1, ..., eg) of V and its real version C = (ey, ..., eq,i€1,. .., i€g).

Let us look at change basis matrix (occasionally we will see Z as a real basis of V).

-1

I, O
° MZ/B: g
(i
Rer A\
et
° MZ,C_
(Im*c 0)

-1
. MEC - (Rm Ig)

Imt O

Remark. The integer numbers d; are w(y;, Y¢+j). It is clear that two polarized abelian varieties (X, w)
and (X’, w’) may have the same type A not being isomorphic.
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As in the proof of the Riemann Conditions, we can consider the C-basis of V given by ¢; = y¢4;/d;
forj=1,...,¢. The matrix of the components of the basis y; in this new basis is ( A) and hence any
polarized abelian variety of type A is the quotient X, of C¢ by the lattice I'; = 7Z% @ AZS, where T
belongs to the Siegel half space

Hy = {1 € My(C) | 7= "1, Imt > 0}.

So any polarized abelian variety of type A determines a point in H,. Conversely, given A, any 7 € H,
determines a polarized abelian variety of type A by X, = V/1Z38 ® AZ$. It is well defined because

w =ImH = (Imt)"!is an integer Kahler form of matrix . This means that there is a bijection

-A 0
between all possible polarized abelian varieties of type A and the space H,. Notice that here we are
considering isomorphic abelian varieties as different.

The next step is to build a moduli space for isomorphism classes. A necessary and sufficient condition
for the varieties X+ and X, to be isomorphic is that there exists an automorphism u of C& such that
u(I'v) = T'r. We would like to study this condition in order to find a relation between 7" and 7 in H,.

Remark. While surely does exist an automorphism v of R?€ such that v(I'r) = T, it may happen that
it is not a complex automorphism of C8, recall in fact that GL(g,C) C GL(2g, R). Notice that it means
that v(t'Z8 & AZ3) = v(1'Z8) ® v(AZS) = TZ8 & AZS because T'Z8 and AZ$ generate real subspaces of
V.

Let A be the matrix associated with the automorphism u in the canonical basis of C& and let N its
integer matrix in the basis of I';> and of I'; given by the columns of the matrices

(7" A):= Ret' A) and (7t A):= (RET A).

Imt 0

Let us define the automorphism of GL(2g, Q)

I, 0

-1
Plgo.
0 A 0 A

Remark. The matrix that appears in o, is important because it holds that

L, o\ (o a\,(, o\ (1, ol\fo a\,(, o) (o 1 2
0 Al \-a o) {o a] |o a?'fi-a of (0o A (-1, o)

It will be easier (in a sense that will be clear in the third section) to work with the matrix M = gA(N)

UA:PI—>(

in the basis C’ and C corresponding to the columns of the matrices (7" I;)and (7 Ig). They are related
by the identity
A(T Ig) = (1 Ig)M

and if we denote ' M by the block matrix “ Z) the previous relations become
c
AT =ta+'p and A=1c+'d
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that implies that the matrix t'c + d is invertible and
="t = ta+ ')A = (at + b)(cT + d) L.

Here we do a second step: we do not want u to be just an isomorphism of abelian varieties, but we
want that it preserves the polarizations. The complex isomorphism u induces an isomorphism of
polarized abelian varieties (X, w) and (X’, »’) if @ = u*@’. In terms of matrices (in the basis C and
C’) this condition is equivalent to

hence M and ' M belongs to the symplectic group Sp(2g, Q).

Remark. If we recall that M = 0A(N), the previous relation becomes
-1 -1
I, 0 N I 0)[O0 Ig|\[Ig O N I, 0 _
0 A 0 AJ\-I; 0)\0 A 0 A
-1 -1
I, 0 N 0 A}, N I, 0 _
0 A -A 0 0 A
0 I
-1, 0f’

where the last equality holds if and only if

(o)

In conclusion: a necessary and sufficient condition for the polarized abelian varieties X; and X

t

to be isomorphic is that there exists a matrix in

Ga = 0a(Mag(Z))NSp(28,Q) = a b € Sp(2g,Q) | a,bA™!, Ac, AdA™! have integer coefficients
c d

such that:
* The matrix c7 + d is invertible (we will see that it is always true),
e 7' =(at+b)(ct+d)L.

The isomorphism between X; and Xy is of the form

C8/1Z8 @ AZS — C8/TU'Z8 @ AZS
et +d) 'z

™w+q — Tp +4q

1

Z

69



12.2 Moduli Space of Polarized Abelian Varieties of the same Type

To build moduli spaces is not difficult, what is difficult is to build moduli space that shares some of
the same properties with the geometric objects it parameterise. Our aim is to build this moduli space
and to describe its analytic properties. In order to give it the structure of analytic space we will need
Cartan theorem.

Theorem 12.1 (Cartan). Let X be an analytic space, G a group and G X X — X a properly discontinuous
action via biholomorphisms. The ring sheaf O is defined for all open sets U C X /G by

OU)={f: U — C| f o pis holomorphic in p~'(U)},
where p: X — X /G is the quotient projection, and it defines an analytic structure on X /G.

Let us remark that an analytic space is not a complex manifold because it may have some singular
points. Anyway, under the hypothesis of Cartan theorem, singularities that may arise are not so bad
and the space X /G inherits a lot of good properties of complex manifolds. If the action G X X — X is
free, the quotient X /G is a complex manifold.

Let us now get to the heart of the question.

, . a b
Proposition 12.2. Given a matrix M = il the map

GXX—-X
(M, 1) > M-t =(at+b)(ct+d)"
defines a left action of Sp(2g,R) on H,.

a

Proof. We will show that the action is well defined, thatis M - t € ?{g. A matrix M = (
c

b

is in th
d) is in the
symplectic group if and only if

* 'ac is symmetric,

* 'bd is symmetric,

o fad —tcb =1, = 'da - "be.

Hence
Het+d)at+b)-tHat+Db)(ct+d)=1—7=2ilmr.

If there exists v such that (ct + d)v = 0, this formula implies that tp(2ilmt)o = 0 and thus v = 0
since Im7 is non degenerate. This implies that the action is well defined (cT + 4 is inversible) for all
M € Sp(2g,R). Let us denote v’ = (at + b)(ct + d)~!. It holds that

tHet+d) (T = ") ct+d)=71-"1=0
that means that 7’ is symmetric. Moreover
Her+d) (7 = ") (ct +d) = 2ilmt 3)

that ensure us Im1’ is definite positive.
Hence " = M - 17 € H,. It is easy to verify that M - T satisfies the axioms to be an action and this
concludes the proof. ]
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Proposition 12.3. The action of any discrete subgroup of Sp(2g,R) on Hy is properly discontinuous.

Proof. Let G be a discrete subgroup of Sp(2¢,R) and K be a compact set in H,. Let us suppose by
contradiction that there is an element M € G such that (M - K) N K # 0, let 7ps be in this intersection
and denote 1), := M~!. 7). Let Hy,, be the definite positive Hermitian form with matrix (I mtar)~!
and let u be the automorphism of C8 with matrix f(ctp +d) ™. The equation 3 can hence be rewritten
as

HT;\/I = HTM O UM.

Since Imty and ImT), belongs to a compact subset og GL(g, C), so is for uy. It follows that cty + d
is in a compact subset and so is for its imaginary part cImTy and hence it holds for c and d. By the
fact that at); + b = tm(cT), + d), also a and b belongs to a compact set. Hence M is in a compact set
of G and discrete compact sets in G are finite. ]

Hence the isomorphism classes of polarized abelian varieties of type A is in bijection with the
analytic space Ga\H, of dimension g(g +1)/2: the same of H, since a properly discontinuous action
of a discrete group on a manifold gives a orbit space of the same dimension of the manifold.

We denote this moduli space by
Ag a = Ga\H,.

Remark (Moduli Space of Elliptic Curves). Let us recall the fact that any elliptic curve is a projective
manifold and hence a polarized abelian variety of complex dimension g = 1. We saw that the moduli
space of all elliptic curves up to isomorphism is

GL(1,C)\GL(2, R)/GL(2, Z).

We wonder if these isomorphism classes are also symplectomorhpism classes. To answer this ques-
tion we need to have a concrete comprehension of what this double quotient is. Clearly GL(2,R)
parameterises all possible basis for all possible lattices. The action of GL(2,Z) allows us to consider a
lattice up to the choice of the basis and the action of GL(1, C) allows us to put in the same class differ-
ent lattices that give isomorphic tori. In the case ¢ = 1 it happens that GL(2,Z) = SL(2,Z) = Sp(2,Z)
that means that basis changes preserve the polarization, namely w. Notice that the matrix of w is of

0 A
the form A 0 where A € C is the number A = w(71, 72). Now, acting via GL(1,C) we can con-

sider the lattice (71, 72/A) and it turns out that the indiced polarization is by construction principal.
This means that any elliptic curve is isomorphic (but clearly not necessarily symplectomorphic) to a
principally polarized elliptic curve.

When g > 1 it happens that Sp(2g,Z) C GL(2g,Z), hence not any basis change preserves the
polarization.

12.3 A Slightly Different Approach

When in the proof of Riemann Conditions we decided to introduce the basis (e1, ..., eg) with e; =
Vg+i/dj, we knew we were making a choice in the approach of the construction of moduli space of
polarized abelian varieties. In fact in such a basis we have

1 1
w(yj,ej) = w(yj, yg+jld)) = d_jw(erVgH) = d_jdj =1,
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I
hence the matrix of w is | := 0 8.
-Ig 0

This is why, in the previous section, we studied the standard symplectic group, i.e. the linear auto-
morphisms that preserve the matrix J. This is not strictly necessary: in fact we could continue to work

with the basis ()1, ..., y2¢) and study the group
P 0 A 'p = .
-A 0

In fact the map o we defined establishes an isomorphism between Sp*(2¢,R) and Sp(2g,R). It is
clarely an automorphism of GL(2g, R), we just prove that if P € Sp”(2g, R), hence oA(M) € Sp(2g, R):

-1
OIStIXOtPtIgO -
-I, 0] {0 A 0 A

-1 -1
(e 0) (0 A)ifls 0} _
0 A -A 0 0 A

-1 -1
(g 0} [0 A} ;o) _
o Al \-a o] o a

0 A

Sp*(2g,R) = {P € GL(2g,R) Ao

-1
I o) Ll O
0 A

o
>

Remark. The group Sp”(2¢, R) is not invariant under transposition.

Z € Sp”(2g,R), we can thus define the action

Given a matrix P = (a
c
P-7:=(at+bA)A et + ATTAA) T

b
Remark. If P = (a d) € Sp”(2g,R), we have that
c

-1
I, 0O a b\l O a bA
Py=1|¢ 8 - Sp(2¢,
oa(P) (0 A) (c d)(o A) (A—lc A—ldA)e P28, Q)
Remark. By the fact that

a,bA™!, Ac, AdA~! have integer coefﬁcients}

Ga := GA(Mzg(Z)) NSp(28,Q) = { (Z Z) €5p(28,Q)

we can conclude that
Ga = UA(SpA(Zg,Z)).

A consequence of these remarks is that the space ﬂ(;,A := SpA(2g,Z)\H, is isomorphic to the
space Aq A defined before.
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12.4 Why Principally Polarized Abelian Varieties are Important?

Complex tori arise very often in complex geometry and their importance is due to the fact that all
complex compact Lie groups are tori. We saw that abelian varieties are just a very special example of
complex tori because the very general complex torus is not projective. Anyway also abelian varieties
arise in a very incredible and important way being the only example of projective tori. Going further
we studied polarized abelian varieties and, in particular, principally polarized abelian varieties that
are, as we have seen, a special example of polarized abelian varieties. One may wonder why one
should be interested in this extremely special case of complex tori. Here we collect some motivations.
First of all we recall Proposition 10.7.

Proposition. Any abelian variety is isogenic to a principally polarized abelian variety. More precisely, for any
ample line bundle L on X there exist an abelian variety Y, a line bundle M defining a principal polarization on
Y and a isogeny u: X — Y such that L = u*M.

This means that in some way principally polarized abelian varieties encode a lot of the geometry
of a general abelian variety.

The second motivation we give is the historical motivation of the study of these objects. It arises
from the study of complex projective curves, in particular Torelli’s theorem 12.8 gives an interesting
criterion to establish when two compact Riemann surfaces of genus g are isomorphic. Let C be a
smooth projective curve of genus g over the field of complex numbers. Let us denote by H(wc) the g-
dimensional complex vector space of holomorphic 1-forms on C. Moreover recall that the homology
group Hi(C,Z) is a free abelian group of rank 2g. We notice that any y € H{(C,Z) can be seen as a

Y

Hi(C,Z) = H%wc)* := Hom(H(wc), C).

linear form on H%(wc) by integration:

Lemma 12.4. There is a canonical injection

Proof. We recall some facts: by the universal coefficient theorem, there is a canonical immersion
Hy(C,Z) — Hy(C,C) = H}DR(C)*. Moreover we have the Hodge decomposition HER(C) =HYWC)e
HYY(C) = H%wc) ® H%wc). Since the dual of the direct sum is the direct sum of the duals, we are
looking for the composition map

Hi(C,Z) — H) o (C)' & HO(wc)*

where p is the projection. Since the image of any y € Hi(C, Z) is invariant under complex conjugation,
it is necessarily of the form [ + [ with I € H%(w¢) and this implies the assertion. m]

It follows that H(C, Z) is a lattice in H(wc)*.
Definition. The Jacobian variety of a smooth projective curve of genus g is the complex torus

H%(wc)*

J(C) = H(C.2)"

What happens if C = X = C/T is an elliptic curve, i.e. a complex algebraic curve of genus g = 1?
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* The space H(wx)" is C,
e The space Hi(C,Z)isT.

Hence for an elliptic curve J(X) = X. In particular J(X) is a complex torus of dimension 1. There is
an important theorem that generalises this fact.

Theorem 12.5. (Abel-Jacobi) Let C be a smooth projective curve of genus g over the field of complex numbers.
The Jacobian variety is a torus of complex dimension g and it holds that

J(C) = Pic%(C).

Idea: The first assertion is clear by the definition of J(C). The isomorphism J(C) = Pic?(C) is explicitly
given by the Abel-Jacobi map. Recall that for an algebraic curve Pic?(C) is the quotient of degree
0 divisors, namely Div’(C) by principal divisors and that any D € Div’(C) is of the form D =
Zfil(p]- — g;) with points pj, q; € C. The Abel-Jacobi map is

Div’(C) — HY(C)*
N o rpj
D {a) — Z/ w} mod H;(C,Z)
j=1 “4i

We do not prove it is an isomorphism mod H;(C, Z). For all details see (BL), Theorem 11.1.3. O

Remark. It is coherent with the fact that for an elliptic curve (that is a projective curve of genus g = 1)
its Jacobian has dimension 1.

The most incredible fact is that the lattice H1(C,Z) and the vector space H(wx)* interact in such
a perfect way that any Jacobian variety is a principally polarised abelian variety. We want to build
directly the principal polarization: in a first step we study how the complex structure I of C induces
a complex structure I on H(wc)*, then we define a 1-form on H(wc)* invariant under H;(C,Z).
Finally we prove that this form, in a suitable basis of Hi(C, Z) is a principal polarization for J(C), in
particular we prove that it is an integer Kahler form that is positive definite and with A = 1.
The first step is given for free: the Hodge decomposition we used in the proof is strictly related to the
complex structure of C and if we change structure, the Hodge decomposition also changes. Moreover
itis clear, since H E r(C)is a vector space, that giving its decomposition is the same as giving a complex
structure. By theory of complex vector spaces, it is induced a complex structure on the dual and on
any vector subspace and hence on H(w¢)".
To define the form we need, we use intersection theory. We will just set up the theoretical tools in our
contest. Roughly speaking we have a complex projective curve of genus g and we want to ”“count”
intersections of its 1-submanfolds. We want to define something well defined up to homology classes,
hence we will “count” intersections in a suitable way. On C we have a fixed complex structure (the
one we used to define the Hodge decomposition) and we know it fixes a orientation for C, i.e. a basis
for any tangent plane such that the basis change between charts has positive determinant.

Definition. Given two curves y(t) and 7(t) in C, we say that the point P € C is a positive (nega-
tive) intersection if exist to and t; such that y(tp) = 1(t1) and the vectors y(to), /(1) induce the same
(opposite) orientation as the complex structure on the tangent plane.
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Remark. It may happen that y and 7 intersect in a point P with the same tangent. This makes
impossible to establish whenever P is negative or positive. Luckily we want to work up to homology
classes and there is a result that ensure that if y and 71 intersect with the same tangent there exist
Yy’ € [yl and 1’ € [n] such that the intersection is transverse. In a certain sense it is clear because we
know that “little” perturbations of curves do not change the homology class.

Definition. Given two curves y(t) and 7(t) in C, we define the number of intersections as
Qy,m= Y 1- > 1ez
P pos. P neg.

We will not prove that it is well defined on homology classes, that is, if y’ € [y] and " € [7],
Q@G 1) = Q(y, n), but we will see through a drawing that it makes sense.

(
|

Here it is clear that if the point Q is positive, so is Q3 and Q> is negative. In particular in both cases
the number of intersections counted as we defined is equal to 1.
We can now define the intersection form

Qc: Hi(C,Z)x Hi(C,Z) - Z
(1, [n) — Qy, n).

If we extend this form by linearity we get a form Q¢ on H%wc)* that is integer on H1(C,Z), hence
it is an integer Kédhler form on the torus J(C) if and only if it is of type (1,1), i.e. Qc([y],I[n]) =
Qc([y], [n]). We want more: we want Q¢ to be a principal polarization. Let us consider the basis
Y1,.-.,Y2g of Hi(C,Z) as shown in the following figure.

(BL), pg. 317.

It is easy to check that y1, ..., 2, form a basis and that in this basis the matrix of Qc is

(0 18)
~1; 0

In conclusion we have to prove that
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(1) Qcisof type (1,1),
(2) Qc is positive.

We recall that these conditions are equivalent to the following properties of the bilinear form H asso-
ciated with Q¢:

(1) H is Hermitian,
(2) H is positive definite.
In fact conditions (2) are equivalent by definition, since
H(u,v) = H(v,u) & Qc(u,Iv) - iQc(u, Iv) = Qc(v, Iu) + iQc (v, [u)
where the last equality clearly holds if and only if Q¢ is of type (1,1).
Lemma 12.6. The form Qc is of type (1, 1).

Proof. We have to understand how the complex structure I acts on classes [y] and how it affects the
intersection product. Indeed we have that I acts on the vector space H O(wc)*, whose vectors are real
linear combination of [y;], we wonder how curves in [y] differs form curves in I[y].

To do so let us consider the class [y] € Hi(X,R). Thanks to Poincaré duality we can consider the
class [y*] € HY(X,R) and work on this space. We stress the fact that Poincaré duality also establish
a relation between the wedge product and the intersection product. This is very helpful because
there is a canonical way to give differential forms a complex structure induced by the one on the
algebraic curve. Let us consider on the curve the coordinate z = x + iy. We recall that given a
differential form, the complex structure acts as Ia(:,...,:) := a(l,...,I-) where, with an abuse of
notation, we are calling with I two different complex structures. Therefore it is induced the complex
structure that locally acts this way Idx = —dy and Idy = dx. One can show that this complex structure
is actually compatible with the wedge product, and it is crucial for us because we want it to be
compatible with the intersection product when we pull it down to homology. Let a = ajdx + iapdy
and § = B1dx + if2dy:

a A ﬁ = i(alﬁz - azﬂl) dx A dy
Ia NI = (—andy + iazdx) A (=fr1dy + ifadx) = i(a1f2 — azB1)dx A dy

showing the compatibility.
Finally to get that the intersection form is of type (1, 1) it suffices to recall that

Qc(I[V],I[n])=/Cly*/\ln*=/CV*An*=Qc([y],[n])-

We need, finally, the following lemma. We will not prove it.
Lemma 12.7. The Hermitian form H is positive definite.

It follows that the form Q¢ is a principal polarization and hence the complex manifold (J(C), Qc)
is a principally polarized abelian variety, as desired.
The importance of studying Jacobian varieties comes from the following result.
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Theorem 12.8 (Torelli). Suppose C and C’ are compact Riemann surfaces of genus g. If their Jacobians
(J(C), Q) and (J(C’), ') are isomorphic as polarized abelian varieties, then C is isomorphic to C’.

A mathematical question that have been active for years concerning Jacobian varieties is the Schot-
tky problem. The statement of the problem is the following: which principally polarised abelian va-
rieties of dimension g arise from Jacobian varieties of complex projective curves of genus g? More
precisely, we have the moduli space, namely Mg, of algebraic curves of genus ¢ and the moduli space
A, of principally polarized abelian varieties. The problem consists in studying the map

Jacg: Mg — Aq.

Torelli’s theorem implies it is injective.

Riemann made a new formulation of the problem based on period matrices. In this thesis we have
seen the Riemann conditions to establish which lattice generates a projective torus. One can build the
period matrix of a complex projective curve of genus g, formed by integrating a basis for the abelian
integrals round a basis for the first homology group and the question becomes which period matrices
satisfies the Riemann conditions. Takahiro Shiota solved the problem in this new formulation in 1986.
We will not go through the details, but it is interesting to face the problem just in a dimensional way:
we know that

dimMg =3¢ -3 and dimAg = g(g +1)/2.

Therefore dimension coincides when ¢ = 0,2,3.. Dimension 0 is a limit case and it is not in our
interest.

Dimension 1 is easy since genus 1 curve are elliptic curves and we have seen that if X is such a curve
J(X) = X, hence, trivially, Jac; is an isomorphism.

For g > 3, g(g +1)/2 > 3¢ — 3 and hence surely there are principally polarized abelian varieties that
are not the Jacobian of any curve.

For ¢ = 2,3 also the easy dimensional problem is interesting. One can show that for ¢ = 2 we have
two type of principally polarized abelian varieties: the Jacobians of genus 2 curves and product of
Jacobians of genus 1 curves, that is product of elliptic curves. This construction hold also in the case
g = 3 since a principally polarized abelian variety of dimension g = 3 may be not the jacobian of any
curve but being product of smaller Jacobians.
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13 Moduli Space of Hyperkahler Structures on a Complex Torus

13.1 Hyperkdhler Manifolds

In October 1843 math’s history passed through the Broom Bridge, when Sir William Rowan Hamilton
discovered the formula for quaternions multiplication:

i?=j*=k*=ijk=-1

We will denote the non commutative division algebra of quaternions by H. An element of this algebra
is of the form x + iy + jz + kw with x, y,z, w € R. As in C, the operation of conjugation is defined:

x+iy+jz+kw=x—-iy—jz—kw.

More than one hundred years later, Eugenio Calabi in 1978 gived the definition of an Hyperkihler
manifold, very related to quaternions.

Definition. Let (M, g) be a Riemannian manifold of real dimension 4n equipped with three complex
structure operators I, [, K: TM — TM satisfying the quaternionic relation. Suppose that I, ], K are
Kéhler. Then (M, 1, ], K, g) is an Hyperkéler manifold.

Remark. The definition implies that g is the Kédhler metric for all the complex structures. This means
that
gUX, 1Y) = g(JX,JY) = g(KX, KY) = g(X, Y).

We know that Kdhler and symplectic geometry are very related because the Kédhler form is a real
symplectic form. This relation extends in a natural way on Hyperkdhler manifolds: trivially they are
real symplectic manifolds by taking the three Kihler forms

wr(X,Y):=g(UX,Y) wi(X,Y):=g(X,Y) wk(X,Y):=g(KX,Y)
but they are also holomorphically symplectic manifolds when considering the forms
Q= wy + iwk Q] = wg +iw] Qg = w; + ia)]

that are clearly closed and holomorphic differential forms with values in C. One can do more putting
all information in a unique differential form with values in the quaternion algebra:

Q:=iws + jwy + kox € QX (M, H).

Remark. The 2-form Q) can not be defined as “symplectic” because it take values on H that is not a
field, but it is clearly closed and non degenerate.

All these constructions implies that locally our manifold “seems” H". More precisely, its tangent
spaces are free left H-modules. As in real and complex geometry we have scalar and Hermitian
products, also in quaternionic geometry we can build something similar and study which matrix Lie
group preserves it.
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Definition. The quaternionic Hermitian product is

(p, ) = pa" = ) pidi
where gt = 7. This decomposes as above in the nn = 1 case:
((, ) =dgedq’ =g —iw - joy - kox = (g —iwy) - (o) +iwk) = Hy = jQ,
where Hj is the Hermitian form related to the form wj.

Definition. The lie group
Sp(n):={A € M,(H) | AAT =T}

is the quaternionic unitary group.

Remark. Matrices in Sp(n) are those which preserve the quaternionic Hermitian product. In the case
of our interest the following isomorphisms hold:

Sp(1) = SU((2) = U(1,H)

Notice that preserving the quaternionic Hermitian product implies to preserve both the Hermitian
form and the symplectic form. It follows that the quaternionic unitary group of H" = C?" = T*C" is

Sp(n) = SU(2n) N Sp(2n, C).

13.2 Extremal Volume

The extremal volume is a generalisation of the concept of extremal length that arises in conformal
geometry. Let us define extremal length and then we will do some comments. Let A be a family of
curves on the open domain 9 C C and let p: D — R a positive integrable function. It implies that
p2 Zstd 1s a conformal metric on 9. We set

I(A, p) := inf /p|dz|, A(p) ::/ p2dxdy.
veA Sy D
Notice that we have no hypothesis on A. We will see that some interesting cases may arise when it is
a homology class.

Definition. The extremal length of A is

I(A, p)?
=sup ———.
A= 5P TA0)

The result is a number between [0, co] and to avoid the fact that 4 is zero because the denomina-
tor is infinite, we restrict to those p which induce a positive finite area.
Roughly speaking we are studying which is the biggest length of the smallest curve in A when vary-
ing the conformal metric and with respect to the area of the domine. We clearly want that this quantity
to be scale invariant, and it is trivially achieved because taking cp instead of p returns a factor ¢ both
to numerator and denominator.
We point out in addition that, how the notation suggest, yix depends only by A and not by D, in the
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sense that for all other 9’ such that A € D', u remains the same. To see this, suppose that O C D’.
Given p on D we can choose p’ on D’ such that p’ = pon D and p’ = 0 on D’ \ D. This proves that
[uf > [Jf . For the opposite inequality we need only start from a p” on O’ and let p be its restriction
to D.

We want to extend this concept to higher dimensions: the idea is to consider a complex manifold

(M, ]) of complex dimension n and the volume of its submanifolds of real dimension n. Notice that
in order to work in complex dimension 1 we just need a Riemannian metric because it induces a
volume form and because in complex dimension 1 conformal geometry and complex analysis are
strictly related (for example, a holomorphic map f: U € C — C is holomorphic if and only if it
is conformal). In higher dimension this relationship falls. The idea behind to extremal volume is
to try to delete all Riemannian informations in order to build a theory that leans only on complex
informations. In this way, we do not need to involve conformal geometry using just the complex
structure.
As happens for the extremal length, we want to calculate volumes with respect to the “same” form.
Therefore we have to find a suitable way to restrict a holomorphic n-form of M to a real submanifold
of real dimension #. Let us denote by Kj; the holomorphic line bundle of differential forms of type
(n,0) and let Q be a smooth section of it. We can build a real 2n-form

nin=1) (1\" —
Qu = (-1)"% (E) QAQ.

We focus our attention on the fact that we do not require Ky to be trivial and hence we allow Q
to vanish in some points, anyway, if Q) is nowhere vanishing, Qy is a real volume form and Ky is
differentiably trivial. Let us consider p € M and T,M = C" a complex tangent space. Let = C T, M be
a real subspace of real dimension 7. We can define a multilinear form on 7 in the following way:

(01, ..., 00) = [QP)oL, - ., ),
where (v1, ..., v,) is a real positive basis for 7. It vanishes in two cases:

* Qp) =0,

* 01,...,0, are not complex linearly independent, i.e. © contains a complex line.

In conclusion, given a real submanifold L of M of real dimension n, we get a real n-form  on L
setting
Qr(p) := Qn, where n=T,L forany p € L.

Our setting is complete:
e wecall A(Q) := /M Qpr the Q-volume of M
e we call fL Q; the Q-volume of L.
We recall the fact that Q is allowed to vanish somewhere, as long as it is not identically zero.

Definition. Given a set A of real oriented submanifolds L € M of dimension n, we let
I(A, Q) := inf /QL
LeA L

denote the infimum value of the Q-volume functional restricted to A.
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It is important to notice that if we take a function f: M — S!, the differential form Q' := fQ
returns the same value. We will say that () and ()’ are equivalent if they differ for a rotation.

Definition. The extremal volume of A is

—su 1(A, Q)2
s Qp A(Q)

where we restrict our attention to those admissible Q such that 0 < A(QQ) < oo.

As for the extremal length, we have that for any constant c, it holds that

1A, QP 1A, cQ)?
AQ)  AQ)

and hence it is invariant under rescalings.

By the definition we gave, our invariant is non zero on totally real submanifolds that are those sub-
manifold L of (M, ]) such that for all p € L, [,(T,L) N T,L = {0}. Roughly speaking, totally real
submanifolds are those submanifolds whose tangent spaces do not contain any complex line.

Remark. In our case, since we are considering submanifolds of real dimension 7, the previous con-
dition is equivalent to J,(T,L) ® T,L = T, M.

Remark. Let us notice that the construction we made of the extremal volume strongly depends on
the complex structure we fixed at the beginning. This is exactly what we want, because the aim is to
build some invariant that allow us to distinguish different complex structures.

Remark. We are trying to encode informations of a complex manifold using just complex differential
forms and real submanifolds. In particular in our context of complex tori it assume a very deep
importance because we have seen that the very general complex torus is simple and it even does not
admit divisors. On the other hand we know that any complex torus is of the form V /T and hence it
admits real submanifolds and real subtori.

The extremal volume is far to be simple to calculate because it involves a sup of an inf. We would
like to find some conditions that would allow us to make simpler the calculation. Even if this theory
holds for any complex manifold, our final goal is to apply it to tori, therefore we will introduce some
further conditions that will be achieved by tori.

Definition. Let (M, ]) be a complex manifold of complex dimension # and fix a smooth section Q
of Ky. An oriented real n-plane 7 is Q-special if Qn = ;. We say that a submanifold L of M is
Q-special if each T, L is Q-special, i.e. Qp = Q.

Looking at the definition of the form ), it is clear that a real n-plane n is Q-special if, on that
plane, () takes real values, or, equivalently, its imaginary part vanishes. Let us notice that this condi-
tion is trivially achieved when 7t C T, M is any subspace of real dimension 1 and Q(p) = 0. Therefore
we will look only at the case Q(p) # 0 and 7 totally real.

Concerning oriented submanifolds and assuming €) never vanishing (and then Q) is a volume
form) we have to deal with different situations:

* L isacomplex submanifold, then it is special for any Q and it holds that QO; = 0. Notice that this
implies that /L Qr = 0 and then L minimizes the {);-volume compared to any other oriented
submanifold.
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* L is such that any tangent space T, L contains a complex line. The consequences are the same of
the previous case, in particular fL Qr =0.

e L is totally real. We can define a phase ¢'?: L — S! such that Q; = ¢'?Q. Therefore L is special
if and only if e’ = 1. In this case we say that L is special totally real.

We can now prove an important result about a lower bound of the extremal volume. It is in the
particular case in which A = @ € H,(M, Z) is a homology class. It will be the main interesting case in
the next section.

Proposition 13.1. Let Q be closed. Then any Q-special submanifold L minimizes the Q-volume functional
within its homology class . In particular I(ar, QQ) = fL Q. This implies the lower bound

(heo)

> — .
e /M Qum

Proof. Let [L] = [L'] = a. Using the fact that all integrals are real we get

[a=[a=[a< [ia- [ o
L L L L L

and the equality holds exactly when L’ is Q-special.
To compute 1, we must consider all admissible forms €)', but since p, is scale invariant we can
always achieve A(Q) = A(Q)’) and the lower bound is thus immediate. m|

13.3 Extremal Volume and Complex Tori

Up to now we have just a lower bound, while our goal is to find a way to calculate the extremal
volume in case of complex tori. We notice that, in the case of the extremal length, an easy computa-
tion occurs when working with quadrilaterals, because the Riemann Mapping theorem allows us to
restrict to the special case of rectangles, which have the property of being fibred by segments parallel
to their sides. This use of quadrilaterals suggests to generalize this construction to complex tori. Let
X be a complex torus of complex dimension g. Any homology class a € H¢(X,Z) can be represented
by a subtorus L generated by g R-linearly independent vectors in the lattice and we wonder if we can
generalize the fibration mentioned above.

We recall the following theorem.

Theorem 13.2. Assume that, for some closed and admissible 2, M admits a parallel special totally real fibra-
tion, with generic fibre L. Let a be the holomogy class of the fibre. Then

(h9)

B ./MQM'

Proof. For all details we refer to (11°2), Theorem 4.4. O

a

This result provides a very concrete way to compute extremal volume in this particular situation.
This section is devote to show that this results applies to complex tori. First of all recall the following
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Definition. A fibred manifold is a triple (X, B, f), where X and B are smooth manifoldsand f: X — B
is a surjective submersion. B is called the basis of the fibration and we denote by L the typical fibre,
in the sense that f~!(b) = L for all b € B.

Example 13.1. We focus our attention on the case that we will use in the next section. Notice that
this construction, mutatis mutandis, holds in every dimension. Let X = C?/T a complex torus with
I' = (y1, 2, 73, y4)z. The fibration given by parallel translation of the typical fiber L = R?/T”, where
I =(y3, y4)z, is induced by f: X — B, with:

* B=R*/T"andI" = (y1,)2)z,

* fisinduced by the function

FoooRY — R
(x,¥,2,0) = (x, )

Proposition 13.3. Let X be a complex torus of dimension g and B a real torus of real dimension g as in
Example 13.1 inducing a parallel totally real fibration. Then the fibration is special.

Proof. Since tori are a compact Lie groups, up to normalization we can deduce that any holomorphic
(n,0)-form is a constant rotation of dz' A --- A dz8. Since the extremal volume is invariant under
rotations, we can choose ¢’ € C such that Q = ¢!9dz! A --- A dz8 and the fibration is Q-special. This
last assertion is due to the fact that the fibration is parallel and hence if b, b’ € B are different points
there will exists a unique 0 such that Q;, and Q,, are equal to e’%dz! A- - - Adz8 restricted respectively
to Ly and Ly, concluding the proof. ]

Thanks to Proposition 13.3, we can conclude that, in the particular case of the torus, in order to
compute the extremal length of a homology class « it suffices a parallel totally real fibration and the
standard volume form = dzy A --- A dzg. Indeed we can consider !9 such that e??Q = |Q| and the
given fibration is therefore trivially |Q|-special. Therefore it holds that

(o)

T fox

This result makes even simpler to compute the extremal volume because, unlike in Theorem 13.2, we

a

have not to choose a particular volume form, but we can just use the standard volume form.

13.4 Moduli Space

The aim of this section is to build the moduli space of all possible Hyperéahler structures on a marked
complex torus using the extremal volume. The idea of combining extremal volume and Hyperkéhler
structures on a complex torus arises from essentially four facts:

e First of all we want the extremal volume to be computable. We have seen that we want a parallel
special totally real fibration and complex tori allow it. Moreover, being this construction very
rigid and being tori the only example of compact complex Lie groups, we think that complex
tori are a very interesting example of complex manifolds admitting such structure.
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¢ A lot of moduli spaces concerning complex tori parametrize complex structure of abelian va-
rieties. This is because abelian varieties, in contrast with general tori, have a lot of complex
informations, being Div(X) and Pic(X) not trivial. By the use of extremal volume we can point
out information from the general complex torus studying how the complex structure interacts
with its real submanifolds.

¢ Since extremal volume is an invariant that depends only on the complex structure, working
with Hyperkéhler manifolds allows us to get a set of invariants for each complex structure and
we can hope that this number of invariants is sufficient to build a moduli space.

e Working on complex tori gives us two advantages. The first is that being Lie groups we will
see how the calculation of the extremal volume is further simplified. Moreover we proved a
theorem that help us to calculate extremal volume when working on homology classes and
homology of tori is very simple and concrete.

Remark. We have worked only on 2-dimensional complex tori, a further development should be to
improve techniques to study higher dimensional cases.

Definition. Let (X,I,], K, g) be a 2-dimensional complex Hyperkiahler torus and set
Qp = wy + iwk Q] = wg +iw] Qg = wy + ia)]

We recall that any 2-torus inherits the standard complex structure of R*. In particular if we call
(x,y, &, n) the coordinates of R* we get:

* The complex structure I;;g ~ (x + iy, & + in) and the form Q; = (dx + idy) A (d& + idn).
* The complex structure J;;g = (x +i&,n + iy) and the form Q; = (dx + id&) A (dn + idy).
* The complex structure K;q = (x + in, y + i&) and the form Qg = (dx + idn) A (dy + id&).

Notice that the complex structures are chosen to induce the same orientation.
In particular, given I' € GL(4, R) the Hyperk&hler torus is (R, Ista, Jstd, Kstd, Zsta)/T. We know that
the moduli space of 2-dimensional Hyperkahler tori can be written as:

Sp(\GL(4,R)/SL(4,Z).
Let us count the parameter of the moduli space:
dimTak =16 -3 =13
and if we further identify rescaled tori we can go one dimension down, getting
Trix = Tk /R*
whose dimension is 12.

Remark. This number is quite good for our research because it is even and moreover a multiple of 4,
then we can hope to give the moduli space some complex, Kahler or Hyperkéhler structure.
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We notice that we can give a explicit interpretation to this 12 parameters. In fact the action of
R*x Sp(1) allows us map the first column of I to the vector (1,0, 0, 0). In other words we may assume

1 ai bl C1
I~ 0 an bz Co .
0 as bg Cc3

0 as b4 C4

We can now go into the heart of the question and study if extremal volumes computed for each
complex structure and for each homology class gives us a way to fully rebuild the starting torus (or
lattice). In particular we know that any homology class of a torus can be represented by a subtorus
and since we are interested in real 2 dimensional subtori we have exactly 6 homology classes

1,2 = <(1/ Or Or 0)/ (011, az,as, Ll4)>] s X34 = [((bl/ bZ/ b?)/ b4)r (Cll ¢2,C3, C4)>]

where the class a; ; is the class generated by the columns i and j, namely I'; and T, of the matrix

representing I'. Therefore, having three complex structures, we get 18 extremal volumes, namely
J P

pfxi,i,yai,].,y{,fi,j fori,j=1,...,4

What we will prove is that the rank of the function

uo R2 — R
I K
(ai, bi, ci)i — (#a,,j,}l{x,,jlﬁla,,j)i,j,
fori,j=1,...,4,is maximal and hence it is an immersion of the moduli space in RIS,

Remark. As we have already said, to calculate extremal volumes of tori is very simple. It is due to
the fact they are Lie groups. Specifically:

(f, 1a)® [ [, f T T TR

i,j

Hij = /XQI - /XQI /XQI detI' ~’

where ¢(s, t) = sT'; + tI;.

We want to prove the second equality. We recall that |Q;| = ¢9Q).

R*a/pﬂ:/el’@QI:eiG/QI:|el'9|-‘/01’:’/g)1‘
L L L L L

where the third equality holds since we are dealing with a real positive quantity.

This remark implies that extremal volumes related to homology classes are polynomial fractions,
hence easy to compute. Actually to test this first case in complex dimension 2, we resorted to MAPLE,
a software of symbolic computation: we made him compute the 18 extremal volumes and the jac
obian | of the map u. Then we asked it to compute it rank and the answer was 12. We have to explain
this result: in fact the answer rank(J) = 12 implies that there is at least one point (a;, bi, &) € R12 such
that the rank of | evaluated in this point is 12. We want to prove that this implies that p € R?! such
that rank(J,) = 12 is a dense open set of R'>. We know it is non empty and its complementary, that
is all determinant of 12x12 minors are identically zero, is an algebraic hypersurface of R'? and hence
the thesis follows. In the next pages there is the MAPLE code for the rank calculation.
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0 0 1 I
0 0 I -1
> 0 1:=
- 1 -I 0 0
i I 1 0 0
0 I 0
0 I 0 1
> =
0 -1 0
i 1 0 -I
0 1
10 I
> 0O K:=
- I 0 0 1
i 0 I -1 0
We denote
columns.
(1 a1l b1 cl |
0 a2 b2 ¢2
> =
0 a3 b3 c3
0 a4 b4 c4

>

| >

by L the matrix of the lattice and by Li its

B restart; with(VectorCalculus) : with(LinearAlgebra) :
with(Student[VectorCalculus]) : with(DifferentialGeometry) :

[ > simpli’fy(DeterminantkL)),-
(a2b3 —a3b2)c4 +a3b4c2+ a4 (b2c3 —b3c2)—a2b4c3

| > L1 := Vector[row]([1, 0,0, 0]) :

| > L2 := Vector[row]([al, a2, a3, a4]) :
| > L3 := Vector[row]([bl, b2, b3, b4]) :
| > L4 := Vector[row]([cl, c2, c3,c4]) :

(1)



Extremal volumes with complex structure I:

evalc(abs(BilinearForm(L1,12,0 I)))*

> mll2 = :
Determinant(L)

> mIl3 = evalc(abs(BilinearForm(L1,L3, O I)))2 '

= Determinant(L) '

| >

[ 7 e 2

> mll4 — evalc(abs(lemearEorm(Ll,L4, O 1)) :

= Determinant(L)

i K 2

> mi23 = evalc(abs(leznearEorm(LZ,L3,0 1)) :

S Determinant(L)

>

i 3K 2

> mi24 — evalc(abs(lemearEorm(LZ,L4,0 1)) :

= Determinant(L)

>

i 3K 2

> miI34 — evalc(abs(BilinearForm(L3,14,0 1)))"

= Determinant(L)

>

Extremal volumes with complex structure J:

> mJ12 =

>

evalc(abs(BilinearForm(L1,L2, O)])))2 )
Determinant(L) )




evalc(abs(BilinearForm(L1,L3,0 J)))*

13 :=

n m Determinant (L)
B
>

mj14 — evalc(abs(BilinearForm(L1, L4, OJ])))2 )
L Determinant (L) '
>
>

mj23 = evalc(abs(BilinearForm(L2,L3, Oj)))2 _
_ Determinant (L) '
>
>

mj24 = evalc(abs(BilinearForm(L2, L4, Oj)))2 _
L Determinant (L) '
>
>

mj34 - evalc(abs(BilinearForm(L3, L4, O DN
L Determinant (L) '
>

Extremal volumes with complex structure K:

| >
i K3 2
> mK12 — evalc(abs(lemearEorm(Ll,L2,0 K))) :
= Determinant(L)
| >
_>
. 9
mK13 = evalc(abs(BilinearForm(L1,L3,0 K))) :

Determinant (L)




evalc(abs(BilinearForm(L1,L4,0 K)) )2

mK14 = -
L Determinant(L)
| >
| >
>
_ evalc(abs(BilinearForm(L2,L3, 0 K)))*
mK23 := -
L Determinant (L)
| >
>
- 2
mK24 — evalc(abs(lemeaerrm(LZ, 14,0 K)))
| Determinant(L)
| >
>
__evalc(abs(BilinearForm(L3,L4,0 K)) )2
mK34 := -
| Determinant (L)
| >
>
>

Denote by J the jacobian of the map from R”12 to
R”18 given by extremal volumes.

=> J=Jacobian([mI12, mI13, mI14, mI23, mi24, mI34, mJ12, mJ13, mJ14,
mj23, mj24, mJ34, mK12, mK13, mK14, mK23, mK24, mK34], [al, a2, a3,
a4, bl, b2, b3, b4, cl1, c2, c3, c4]) :

> Rank(]);

12 (2)
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